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Differentially Private Gradient-Tracking-Based
Distributed Stochastic Optimization over
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Abstract—This paper proposes a differentially private
gradient-tracking-based distributed stochastic optimization
algorithm over directed graphs. In particular, privacy noises
are incorporated into each agent’s state and tracking vari-
able to mitigate information leakage, after which the per-
turbed states and tracking variables are transmitted to
neighbors. We design two novel schemes for the step-
sizes and the sampling nhumber within the algorithm. The
sampling parameter-controlled subsampling method em-
ployed by both schemes enhances the differential privacy
level, and ensures a finite cumulative privacy budget even
over infinite iterations. The algorithm achieves both almost
sure and mean square convergence for nonconvex ob-
jectives. Furthermore, when nonconvex objectives satisfy
the Polyak-Lojasiewicz condition, Scheme (S1) achieves a
polynomial mean square convergence rate, and Scheme
(S2) achieves an exponential mean square convergence
rate. The trade-off between privacy and convergence is
presented. The effectiveness of the algorithm and its supe-
rior performance compared to existing works are illustrated
through numerical examples of distributed training on the
benchmark datasets “MNIST” and “CIFAR-10".

Index Terms— Differential privacy, distributed stochastic
optimization, gradient-tracking, exponential mean square
convergence rate, directed graphs.

[. INTRODUCTION

ISTRIBUTED optimization allows cooperative agents

to compute and update their state variables through
inter-agent communication to obtain an optimal solution of
a common optimization problem ([1]). Distributed stochastic
optimization, a branch of distributed optimization, address
scenarios where objectives are stochastic ([2]). This approach
has found extensive applications across multiple domains,
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including distributed machine learning ([3]), cloud-based con-
trol systems ([4]), and the Internet of Things ([5]). While
it is frequently utilized in distributed stochastic optimization
because of its adaptability in communication-efficient methods
([6]) and simplicity in algorithm structure ([7]), stochastic
gradient descent (SGD) does not guarantee the convergence
over directed graphs ([8, Eq. 6]), and cannot achieve the
exponential convergence rate ([9, Th. 2], [10, Eq. 2]). To
address these issues, the gradient-tracking method has been
proposed over undirected graphs ([11], [12]). By developing
tracking variables to track global stochastic gradients, [11]-
[13] initially achieve the exponential convergence rate. The
convergence analysis is further extended to directed graphs
in [14]-[17]. However, [14]-[16] prove convergence under
the assumption that weight matrices are row- and column-
stochastic, which is often difficult to be satisfied in various
practical scenarios (see e.g. [4], [5]). [17] achieves the con-
vergence by employing the two-time-scale step-sizes method,
which removes the assumption that weight matrices are row-
and column-stochastic, while requiring that the level sets of
objectives are bounded.

When cooperative agents exchange information to address
a distributed stochastic optimization problem, adversaries can
infer stochastic gradients from the exchanged information, and
further obtain agents’ sensitive information through model
inversion attacks ([18], [19]). To address this issue, various
privacy-preserving techniques have been developed ([20]),
such as homomorphic encryption ([21]), state decomposition
([22]), random coupling weights ([23]), uncoordinated step-
sizes ([24]), network augmentation ([25]), and adding noises (
[26]-[28]). Because of its simplicity of use and immunity to
post-processing, differential privacy ([27], [28]) has attracted
considerable interest and has been extensively applied in
distributed optimization for both deterministic and stochas-
tic objectives. When objectives are deterministic, based on
the gradient-tracking method, differentially private distributed
optimization has been well developed in [29]-[34]. Among
others, [29]-[32], [34] have successfully achieved the finite
cumulative differential privacy budget over infinite iterations.
However, the difficulty caused by stochastic objectives makes
the methods in [29]-[34] unsuitable to differentially private
distributed stochastic optimization. In addition, to achieve
convergence, (strongly) convex objectives ([29]-[32], [34]) and
nonconvex objectives with the Polyak-Lojasiewicz condition (
[33]) are required. However, these requirements may be hard



to be satisfied or verified in practice.

When objectives are stochastic, a method based on SGD has
been proposed for differentially private distributed stochastic
optimization. Some interesting works can be found in [35]-
[41]. However, [35]-[41] only give the per-iteration differential
privacy budget, and thus, cannot protect the sensitive infor-
mation over infinite iterations. Fortunately, by sequentially
acquiring data samples in distributed online learning ([42]),
the time-varying sampling number method ([43]) and the
sampling parameter-controlled subsampling method ( [44]),
the finite cumulative differential privacy budget over infinite
iterations is given. In [42]-[44], the differential privacy is
tailored for distributed SGD, and the convergence is given over
undirected graphs. Although the gradient-tracking method has
shown advantages over the distributed-SGD method regarding
the convergence over directed graphs, to the best of our knowl-
edge, differentially private gradient-tracking-based distributed
stochastic optimization has not been studied yet. As a result,
the differentially private distributed stochastic optimization
based on the gradient-tracking method is a challenging issue,
especially on how to achieve the finite cumulative differential
privacy budget even over infinite iterations, the almost sure and
mean square convergence for nonconvex objectives without
the Polyak-Lojasiewicz condition, and the exponential mean
square convergence rate.

Summarizing the discussion above, we propose a new differ-
entially private gradient-tracking-based distributed stochastic
optimization algorithm with two schemes of step-sizes and
the sampling number over directed graphs. Scheme (SI) em-
ploys the polynomially decreasing step-sizes and the increas-
ing sampling number with the maximum iteration number.
Scheme (S2) employs constant step-sizes and the exponentially
increasing sampling number with the maximum iteration num-
ber. The main contribution of this paper is as follows:

o The sampling parameter-controlled subsampling method is
employed to enhance the differential privacy level of the
algorithm. The algorithm with both schemes achieves the fi-
nite cumulative differential privacy budget even over infinite
iterations. To the best of our knowledge, a finite cumulative
differential privacy budget over infinite iterations is achieved
in differentially private gradient-tracking-based distributed
stochastic optimization for the first time.

e The almost sure and mean square convergence of the
algorithm are given for nonconvex objectives without the
Polyak-t.ojasiewicz condition. Furthermore, when noncon-
vex objectives satisfy the Polyak-f.ojasiewicz condition, the
polynomial mean square convergence rate is achieved for
Scheme (S1), and the exponential mean square convergence
rate is achieved for Scheme (S2).

o Two schemes are shown to achieve the finite cumulative
differential privacy budget over infinite iterations and mean
square convergence simultaneously. For Scheme (S1), the
polynomial mean square convergence rate and the cumula-
tive differential privacy budget are achieved simultaneously
even over infinite iterations for general privacy noises,
including decreasing, constant and increasing privacy noises.
For Scheme (S2), the exponential mean square convergence
rate and the cumulative differential privacy budget are

achieved simultaneously even over infinite iterations.

The remainder of this paper is organized as follows: Sec-
tion II presents preliminaries and the problem formulation.
Section III provides the algorithm with its convergence and
privacy analysis. Section IV verifies the effectiveness of the
algorithm through numerical examples of distributed training
on the benchmark datasets “MNIST” and “CIFAR-10". Fi-
nally, Section V concludes the paper.

Notation. R and R" denote the set of real numbers and
n-dimensional Euclidean space, respectively. 1,, denotes a n-
dimensional vector whose elements are all 1, and ||z|| denotes
the standard Euclidean norm of a vector x. X ~ Lap(b) refers
to a random variable that has a Laplacian distribution with
the variance parameter b > 0, and the probability density
function of the random variable X is given by p(z;b) =
%bexp (f%). For a matrix A € R™*", AT, p, stand for
its transpose and spectral radius, respectively. (-,-) denotes
the inner product. (€2, 7, P) denotes a probability space, P(B)
and EX stand for the probability of an event B € F and the
expectation of the random variable X, respectively. ® denotes
the Kronecker product of matrices. |z| denotes the largest
integer which is not larger than z. For a differentiable function
f(z), Vf(x) denotes its gradient at the point . For a vector
r = [x1,T2,...,2,] € R", the notation diag(x) denotes the
diagonal matrix with diagonal elements being =, zo, ..., Zy.

Il. PRELIMINARIES AND PROBLEM FORMULATION
A. Graph theory

In this paper, we consider a network of n agents which
exchange the information over two different directed graphs
gR = (V,gR) and gc = (V,gc). V = {1,27...,71} is
the set of all agents, and Er, - are sets of directed edges
in Gr, G¢, respectively. In our gradient-tracking algorithm,
agents exchange state variables over Gr and tracking variables
over G¢. Directed graphs Gr and Go are induced by the
weight matrix R = (R;j)i j=1,.n and C' = (Cyj)i j=1,...n,
respectively. Any element I7;; of R is either strictly positive if
Agent ¢ can receive Agent j’s state variable, or 0, otherwise.
The same property holds for any element C;; of C. For any
i € V, its in-neighbor and out-neighbor set of over Gp are
defined as Nz, = {j € V: Ry; > 0,j # i} and N}, =
{jeV:Rj; > 0,j # i}, respectively. Similarly, Agent s
in-neighbor and out-neighbor set over G¢ are defined as NV ;
and /\/g ,» Tespectively. Denote the in-Laplacian matrix of R
and the out-Laplacian matrix of C' as £y = diag(R-1,) — R
and Lo = diag(1,] C) — C, respectively. Then, the assumption
about directed graphs Gr, G¢ is given as follows:

Assumption 1: Let Gr and G-+ be directed graphs induced
by nonnegative matrices R and C'T, respectively. Then, both
Gr and G- contain at least one spanning tree. Moreover,
there exists at least one agent being a root of spanning trees
in both Gr and GoT.

Remark 1: Directed graphs in Assumption 1 are more gen-
eral than undirected connected graphs in [6], [10]-[13], [29],
[33], [35]-[40], [42]-[44], directed graphs with stochastic
weight matrices in [14]-[16], and strongly connected directed
graphs in [17], [23]. In addition, by [45, Th. 3.8], Assumption
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1 is a necessary condition for the consensus of Agents’ state
and tracking variables.

Based on Assumption 1, we have the following useful lemma
for weight matrices R and C"

Lemma 1:([1, Lemmas 1, 3]) Let agx, Bk be positive
constants such that I,, —ay £ and I,, — S Lo are nonnegative
matrices. If Assumption 1 holds, then we have the following
statements:

(1) There exist unique nonnegative vectors vy, vo € R" such
that v| (I, —ag L) = v{, (I, — BxL2)ve = v2, v] 1, =,
vg 1, = n, v] vy > 0.

(i1) There exist rz,, 7z, > 0 such that the spectral radius of
the matrices I, — ax L1 — 21,v] and I,, — B Lo — Lvo1]
are 1 — agre, and 1 — Bkrr,, respectively.

B. Problem formulation

In this paper, the following distributed stochastic optimiza-
tion problem is considered

féi@nzfl
where z is available to all agents, ¢;(z,&;) is a local objective
which is private to Agent i, &; is a random variable drawn
from an unknown probability distribution Z;, and %; is not
required to be independent and identically distributed for any
¢ € V. In practice, since the probability distribution %;
is difficult to obtain, it is usually replaced by the dataset

D; = {&,,l =1,...,D}. Then, (1) can be rewritten as the
following empirical risk minimization problem:

Zfz ):%Zﬁi(%fi,l)o 2
=1

To solve the problem (2), we need the following standard
assumption:

Assumption 2: (i) For any ¢ € V, there exists L > 0 such

that f; is L-smooth, i.e., ||V fi(z) — Vfi(y)] < L|lz — vy,
Vz,y € RY.
(ii) There exists o, > 0 and a stochastic first-order oracle such
that for any i € V, x € R? and ); generated by uniformly
sampling &; from D;, the stochastic first-order oracle returns a
sampled gradient g;(x, \;) satisfying E[g;(z, \;)] = V fi(x),
Elllgi(z, \i) = Vfi(2)|]?] < o

Remark 2: Assumption 2(i) requires that each objective f;
has L-Lipschitz continuous gradients, which is commonly
used (see e.g. [1], [7], [10]-[17], [23], [29], [31]-[33], [35]-
[44]). Assumption 2(ii) requires that each sampled gradient
gi(x, ;) is unbiased with a bounded variance 03, which is
standard for distributed stochastic optimization (see e.g. [10]-
[14], [16], [17], [35], [37], [39], [40], [42]-{44]).

Next, assumptions for the nonconvex and strongly convex
global objective are respectively given as follows:

Assumption 3: There exists z* € R? such that
F(z*) is the global minimum of the nonconvex global
objective  F'(x). Moreover, the Polyak-Eojasiewicz
condition holds, i.e., there exists 4 > 0 such that
2u(F(z) — F(x*)) < ||[VF(2)|? Vz € R

Remark 3: Assumption 3 requires the gradient VF'(z) to
grow faster than a quadratic function as we move away from

min F'(x

zERE Efﬂ‘“—] [ 1(x7§z)]a (1)

min F'(x
z€RE

= min —
r€RIM

the global minimum, which is commonly used (see e.g. [7],
[16], [33], [36], [44D).

Remark 4: There exists functions that satisfy Assumptions
2, 3 simultaneously. We give two examples. One example is
li(z,&) = o ||Az — d|]* + 1”i”i1”, where x € R?, the matrix
A € R™*4 has full column rank, d € R? is a constant vector,
and &; ~ N(0,4) is a Gaussian noise. Denote pa,©a74 >0
as the spectral radius of A and the minimum eigenvalue of
ATA, respectively. Then, by [46, Th. 2] fi(z) = 5= ||Az —
d||? satisfies Assumption 2 with L = %, oy =2, and F(x)
satisfies Assumption 3 with p = 26,2AT - Another example is
lLi(x,&) = 22+ (3+&)(sinx)? 4 2¢; cos ¥, where = € R, and
&~ Lap(%) is a Laplacian noise. Then, by [46, Subsec. 2.2],
fi(x) = 2% + 3(sinz)? satisfies Assumption 2 with L = 8,
0y = 5, and F(x) satisfies Assumption 3 with p = 2.

In practice, since finding the exact optimal solution is
computationally expensive and time-consuming, suboptimal
solutions within a given error ¢ > 0 are often preferred.
Inspired by [2], the ¢-suboptimal solution and the oracle
complexity are defined as follows:

Definition 1: Let ¢ > 0, K = 0,1,..., xK:[xIK,...,
2, x]" be the output of an algorithm. Then, 2z is a ¢-
suboptimal solution if E|VF(z; x41)|* < o, Vi € V.

Definition 2: Let ¢ > 0, N(¢) = min{K : zx is a ¢-
suboptimal solution}, and my, be the sampling number at the
k-th iteration. Then, the oracle complexity of the algorithm is

N(
> k= 5) M.

C. Differential privacy

As shown in [38], [39], [42], there are two kinds of
adversary models widely used in the privacy-preserving issue
for distributed stochastic optimization:

o A semi-honest adversary. This kind of adversary is defined
as an agent within the network which has access to certain
internal information (such as state variable z; j and tracking
variable y; ;, of Agent ¢), follows the prescribed protocols
and accurately computes iterative state and tracking cor-
rectly. However, it aims to infer the sensitive information
of other agents.

e An eavesdropper. This kind of adversary refers to an ex-
ternal adversary who has capability to wiretap and moni-
tor all communication channels, allowing them to capture
distributed messages from any agent. This enables the
eavesdropper to infer the sensitive information of agents.

When cooperative agents exchange information to solve the
empirical risk minimization problem (2), these two kinds of
adversaries can use the model inversion attack ([18]) to infer
sampled gradients, and further obtain the sensitive information
in agents’ data samples from sampled gradients ([19]). In order
to provide the privacy protection for data samples, a symmetric
binary relation called adjacency relation is defined as follows:

Deﬁnition 3:([44) Let D = {{0,9 € V1 = 1,...,D},

{fz L1eEV,I=1,...,D} be two sets of data samples.
If for a given C' > 0, there exists exactly one pair of data



samples &, 1,,&;, 5, in D, D’ such that for any x € R”,
0<|lgi(w,&i1) —gi(x, & )| < C, if i =g and | = lo; 3)
||gz(x;gz,l)_gz(a%g:,l)” :O7 if 4 7& 7;0 or ! 7& l07

then D and D’ are said to be adjacent, denoted by Adj(D, D).

Remark 5: The boundary C' characterizes the “closeness”
of a pair of data samples &;, ;,, 51407 1,- The larger the boundary
C is, the larger the allowed magnitude of sampled gradients
between adjacent datasets is. For more details, please refer
to [44, Subsec. 1I-D].

Remark 6: Different from the adjacency relation defined
in differentially private distributed optimization ([29]-[34]),
Definition 3 is given by allowing one data sample of one
agent to be different, which is commonly used in differentially
private distributed stochastic optimization ([35]-[44]).

Next, the definition of differential privacy is given to show
the privacy-preserving level of the algorithm:

Definition 4: ([28]) Let ¢ > 0 be the differential privacy bud-
get. Then, the randomized algorithm M achieves e-differential
privacy for Adj(D,D’) if P(M(D) € O) <eP(M(D’) € O)
holds for any observation set O CRange(M).

Remark 7: As shown in [35]-[44], the differential privacy
budget ¢ measure the similarity of the randomized algorithm
Ms output distributions under two adjacent datasets D, D’.
The smaller the differential privacy budget ¢ is, the higher the
differential privacy level is.

Remark 8: Both e-differential privacy and (e, d)-differential
privacy has been used in differentially private distributed
stochastic optimization. e-differential privacy is usually
achieved by Laplacian noises, while (e,¢)-differential pri-
vacy is usually achieved by Gaussian noises. To simplify
the analysis, e-differential privacy is used in this paper. If
(e, d)-differential privacy is used, then the framework of the
convergence and privacy analysis still holds.

Problem of interest: In this paper, we first aim to propose
a new differentially private gradient-tracking-based algorithm
for the problem (2) over directed graphs; then design schemes
of step-sizes and the sampling number to enhance the differ-
ential privacy level, achieve the almost sure and mean square
convergence for nonconvex objectives without the Polyak-
Lojasiewicz condition, and further accelerate the convergence
rate.

[1l. MAIN RESULTS
A. The proposed algorithm

In this subsection, we propose a differentially private
gradient-tracking-based distributed stochastic optimization al-
gorithm over directed graphs. Detailed steps are given in
Algorithm 1.

For the convenience of the analysis, let z = [xlTk, e
xr—[k]—r Y = [yI]gv cee ,y;;k}'r’ Ck = [C;rk;v ) ;ll—,]g]—r’ Nk =
0 s ikl T gk = 944029, 4] T Then, (4) and (6)
can be written in the following compact form:

Tpp =In—ax L) ®Ig)xr—ax(Li®I1q)C e —Yr Yk,  (7)
Yt =(In—Br L2) @1q)yr — Br(L2@Ia) N+ Greys — G- (8)

Algorithm 1 Differentially private gradient-tracking-based dis-
tributed stochastic optimization algorithm over directed graphs

Initialization: ;0 € R? for any i € V, mg different
data samples )\1'7071,.. . /\Z‘,ova in Di, Yi,0o = Gi,0 =
ﬁ 72{ 9i(%i.0, Ai0,0) for any i € V, weight matrices
R = (Rij)i’jzl’m’n, C = (Ci')i’jzl’m’n, the maximum
iteration number K, step-sizes ay, Sk, vk and the sam-
pling number mg.

for k=0,1,..., K, do

1: Agent i adds independent d-dimensional Laplacian noises
Gik» Mi,k to its state variable z;j and tracking variable
Yi,k» respectively: T; p = Tik + Gk Uik = Yik + Niko
where each coordinate of (;j, 7; 1 has the distribution
Lap(a,(f)) and Lap(a,(c")), respectively.

2: Agent ¢ broadcasts its perturbed state variable Z; j, to all
its out-neighbors in g_i, and broadcasts its perturbed
tracking variable ¥; i to all its out-neighbors in N, g i

3: Agent i receives #; 4 from all its in-neighbors in NV, ; and
Yk from all its in-neighbors in N ;.

4: Agent ¢ updates its state variable by

xz‘,kﬂ:(1—OéKZRij)l”i,k+aKzRijﬁfj,k—7Kyi,k~ )
JENR,; JENR,;

5: Agent i takes mpy different samples X; 4,1, ...,
i k1, my uniformly from D; to generate sampled gradi-
ents g; (i g1, Aiki1,1)s - -5 Gi(®i ks Aikt1,my ). Then,
Agent 7 puts these data samples back into D;.

6: Agent 7 computes the averaged sampled gradient by

1 &
Gik+1 = P ; Gi(Ti o1 Niepa 1) 5)
7: Agent 7 updates its tracking variable by

yi,k—}—lz(l_ﬁKZCij)yi,k +5KZCij27j,k +9i k1 —Gi k- (6)

N N
end for 1N TN e

Return T1,K4+1y-++yTn,K+1

B. Convergence analysis

In this subsection, we will give the convergence analysis of
Algorithm 1. First, we give two different schemes of step-sizes
and the sampling number for Algorithm 1:

Scheme (S1): For any K =0,1,...,

() step-sizes: ax = iyee > BK= iy VK= e
(I) the sampling number: myg = |asKP™ | + 1,

where a1, a2, a3,a4 > 0,pa,pg,py > 0,pm > 0.
Scheme (S2): For any K =0,1,...,

(I) step-sizes: ax = a, Sk = [,k = -y are constants,
(I) the sampling number: my = [p& | + 1,
where o, 5,7 > 0, p,, > 0.

To get the almost sure and mean square convergence of
Algorithm 1, we need the following assumptions:

Assumption 4: Under Scheme (S1), step-sizes ax, Bk, Vi,
the sampling number my, and privacy noise parameters
O'IgC):(k + 1)P¢, a,(:’):(k + 1)Pn satisfy the following con-
ditions:
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—Pa 2 1,2pa — 2p¢ —ppg > 1,
n

1
§<pﬂ < Pa <py <1,2p,
—ps > 1,2p5 —2py 2 1,pm

2pa

1 1
a<min{min{=————},—
v Z]GN R” TC,
Assumption 5: Under Scheme (S2), step-sizes «, 5 v, the

samphng number My, and privacy noise parameters a,f =

p( ) ‘71(:7)

— >1l,a3 < ———,
Ps = 3 4(UlTU2)L

}, ag<min{min{
1€

= p?7 satisfy the following conditions:

1 1
0 < pe,pn < 1,pm > 1, f<min{min{=——},—},
o 1€V Y ien;Ci T
1 1 V/330n(v]
a<min{min{ +— n(viv2)re, B},
i€V ZJGN—RM re, 66n|[vipw,pc,
<min{1 7, « ,
yemin{l, et Q10 Qo)
where
Q1 = min{ Vnre, Vénre,

8pW1 ||U2||L’ 24pW1 ||U2HL,

lvillre, 5
20w, L\ (o [|? ||v2|| 16L2 + 3p)
Q2 = min{ \/ETLQ TLiTLy 2’11(1}1 U2)37“£2

6pw, L’ 24pw, pwopr, L’ 6pw, v [|[|v2|[ L

(v] v2)re, e, 6 re, |v]va
36[v1 || lvzllpw, L\ 403y, 0%, + 72, pw, LV 61’
(v]vo)re,

6601 )
66pw, L\ [lo1]|?[lv2[2(16L2 + 3p)

Theorem 1: If Assumptions 1, 2, 4 hold under Scheme (S1)
or Assumptions 1, 2, 5 hold under Scheme (S2), then
Algorithm 1 achieves the almost sure and mean square
convergence, i.e., limg oo [|[VF(zixa)|> = 0as., and
limg oo E|VF(2; g1)||> = 0,Vi € V.

Proof. See Appendix B. ]

Remark 9: Algorithm 1 achieves the almost sure and mean
square convergence for nonconvex objectives without the
Polyak-t.ojasiewicz condition. The condition imposed on ob-
jectives is weaker than (strongly) convex objectives ([10]—-[15],
[17], [29]-[32], [34]) or the Polyak-f.ojasiewicz condition (
[16], [33]). Thus, Algorithm 1 has wider applicability than
[10]-[17], [29]-[34].

The polynomial mean square convergence rate and the oracle
complexity of Algorithm 1 with Scheme (SI) are given as
follows:

Theorem 2: Under Assumptions 1-3 and 4, Algorithm 1
with Scheme (S1) achieves the following polynomial mean
square convergence rate for any ¢ € V:

1
. 2 __
IV F (o) =0 ). ©

where 0=min{p., —pg, 2pa—2pc —ps, 2Pa—Ps, 203 —2Py.2ps,

2p, —pp+pm}. Furthermore, for any 0 < p < if

Pa= 1- Qll’pﬁ 2(1—’_?1) p’y 1- 117pm ®, p(: pn 11,

then the orgcle complexity of Algorithm 1 with Scheme (S1)

34

is O(p~1757).

Proof. See Appendix C. |
Remark 10: In Theorem 2, the polynomial mean square

convergence rate is given for privacy noises with decreasing,

3’

v Zjej\/ C }E}

constant (see e.g. [35], [36], [38], [41]), and increasing vari-
ances (see e.g. [42]-[44]). This is non-trivial even without
considering the privacy protection. For example, let step-sizes

aK = a9 = g Then
¢

Theorem 2 holds as long as privacy noise parameters o,°’,
o have the increasing rate no more than O(k%-6).

Remark 11: The key to achieving the polynomial mean
square convergence rate without the assumption of bounded
gradients is to use polynomially decreasing step-sizes and
the increasing sampling number, which reduces the effect of
stochastic gradient noises and privacy noises. This is different
from [6], [7], [35]-[39], [41], [42], where the assumption of
bounded gradients is required.

Remark 12: Theorem 2 shows that the oracle complexity of
Algorithm 1 with Scheme (SI) is O(p = Sw) For example,
if the error ¢ = 0.02, then the oracle complexity is O(10°).
This requirement for total number of data samples is accept-
able since the oracle complexity of centralized quasi-Newton
algorithm in [47] is also O(10%) to achieve the same accuracy
as Algorithm 1 with Scheme (S1).

Next, the exponential mean square convergence rate and the
oracle complexity of Algorithm 1 with Scheme (S2) are given:

Theorem 3: Under Assumptions 1-3 and 5, Algorithm 1
with Scheme (S2) achieves the following exponential mean
square convergence rate for any ¢ € V:

K
1
]E”VF(%,KH)Hz:O(maX{PAm pJ’gvaz)} ) :

Furthermore, for any 0 < ¢ < min{l

Waﬂ]{z

__n 111
s 15(U1FU2)Lam1nz€V

, if B=p, a=

’TC

{W} mlnzev{z N*C } m
\/m('u1 V2)T Lo P n Qi
min{ep, 132n|\v1||pW2p,; b= mln{Q’SO(vlvg)L’ 2

Pm=min {E e ——1}, pc=py=¢, then the oracle complexity of

Algorithm 1 with Scheme (S2) is O( Linl 2)-
Proof. See Appendix D. |

Remark 13: By Theorems 2, 3, Scheme (S2) achieves the
exponential mean square convergence rate, while Scheme (S1)
and methods in [6], [7], [15], [17], [35]-[44] achieve the poly-
nomial mean square convergence rate. For example, when the
index of convergence rate is ﬁ Zf:o E(F(Zx) — F(x*)),
methods in [38], [39] achieve convergence rates of O(\/—%)
and O(1), respectively. Since the method in [38] is the same
as the one in [48], by [48, Th. 2],the method in [38] achieves
the convergence rate of O( \F) By [39, Th. 2], the method
in [39] achieves the convergence rate of O(1). Thus, Scheme
(S2) is suitable for the scenario where the convergence rate is
prioritized. However, by Theorem 1, Scheme (S1) achieves the
almost sure and mean square convergence under decreasing,
constant, and increasing privacy noises, while Scheme (S2)
achieves the almost sure and mean square convergence only
under decreasing privacy noises. This shows the trade-off of
Algorithm 1 between the convergence rate and the added
privacy noises.

Remark 14: When the global objective F'(x) is strongly
convex (i.e., there exists s > 0 such that F'(y) > F(z) +
(VF(z),y—a)+%|y—=| Vz,y € RY), by [49, Lemma 6.9],
we have 2s(F(z) — F(z*)) < ||[VF(x)||?>. Then Assumption

Qmp}



3 is satisfied with p = s, and thus, Theorems 2, 3 also hold
for strongly convex objectives. Hence, we provides a general
frame for Algorithm 1’s convergence rate analysis under both
nonconvex objectives with Polyak-Lojasiewicz conditions and
strongly convex objectives.

Remark 15: The oracle complexity of Scheme (S2) shows
that the sampling number required to achieve the desired accu-
racy is lower than existing works (see e.g. [14]). By Theorem
3, the oracle complexity of Scheme (52) is O( llni >)> which
is smaller than the oracle complexity O(-) of the gradient-
tracking-based algorithm in [14]. For example, when the error
¢ = 0.02, O(10%) data samples are required in Scheme
(52), while O(103) data samples are required in the gradient-
tracking-based algorithm in [14]. Moreover, the increasing
sampling number in both Schemes (SI) and (S2) is feasible
in machine learning scenarios, such as the speech recognition
problem ([50]), the simulated annealing problem ([51]), and
the noun-phrase chunking problem ([52]).

C. Privacy analysis

In the following, the definition of the sensitivity is provided
to compute the cumulative differential privacy budget ¢ of
Algorithm 1.

Definition 5 ([44]): Forany k =0,..., K, let D, D’ be two
groups of adjacent sample sets, ¢ be a mapping, and D;, =
{Ai,k,lvi e V.l =1,.. mK} Dk = {)‘zkl’Z e Vil =
1,...,mg} be the data samples taken from D D’ at the k-th
iteration, respectively. Define the sensitivity of ¢ at the k-th
iteration of Algorithm 1 as follows:

sup

A £ la(Dx) — a(D}) |1
Adj(D,D")

Remark 16: Definition 5 captures the magnitude by which
a single agent’s data sample can change the mapping ¢ in
the worst case. It is the key quantity showing how many
noises should be added such that Algorithm 1 achieves ey-
differential privacy at the k-th iteration. In Algorithm 1, the
mapping ¢(Dx) = [z} ,y,]", and the randomized algorithm
M(Dp)=[(xr+C) (yr+ne) ]

The following lemma gives the sensitivity A} of Algo-

rithm 1 for any £k =0,..., K.

Lemma 2: The sensmvny of Algorithm 1 at the k-th iter-
ation satisfies Az = ||Azk|l1 + ||Ayk|l1, where ||Axg||: and
||[Ayg||1 are given as follows:

0, if k=0;

(10)

lAwklh<] 5 Rios P A, i k=1, .. K
FYKZX:O‘ aKZjEN};jOlOJ‘ [Ayl1, ifk=1,..., K,
c : .
=, if k=0;
= l 20
A < 1- .
1AyK[h= §| Pr2jen Gioil m ifk=1,... K.
kE_C
+|1 BKZJE./\/' 1oj| MK’
Proof: See Appendix E. ]

Lemma 3: For any K = 0,1,..., Algorithm 1 achieves
e-differential privacy over K iterations, where & =
K Ax Ayy,
(! Jg)lh + 1 U?)Hl')'
Proof. See Appendix F. |
Theorem 4: For step-sizes ok, Bi, Vi, the sampling num-
ber my satisfying Scheme (S1), and privacy noise parameters
o\ =(k + 1)P, oW =(k + 1)Pu, if 0< a3 jeny Rioj <1,

0< CLQZJGN C’Zoj <1, pm —psg —max{0,1 —p,} > 0,
Pm +min{0, p7 Pa —ppt —max{0,1—pc} > 0 hold, then
the cumulative privacy budget ¢ is finite even over infinite
iterations.

Proof. First, ~ Jli?ﬁ;”l Since 0 <
GQZJGN-— CW <1, it can be seen that 0<ﬂK > N Cw <

1. When k = 0,1, |Agglly = O(meriym)
When 2 < k < K, we have

we compute

by Lemma 2.

A [1=Bk 3 jen; Ciosl (1=11=B 32 e pr; Cios ™)
y :
o 10~ TBK s O
1
_O((K - 1)pm—m) . (11)
Then, for any £k =0,..., K, ||Aykl1 = O( - ), and

(K+1)Pm,—175'

1)

In(K+2)
((K_|_ 1)pnﬁpﬁfmaX{O lw7,}>'
Hence, if p,, — pg — max{0,1 — p,} > 0 holds, then
Yoo ‘lAf’,’f)Hl is finite.

Next, we compute

A
Zk 0 lAyelly ka1 can be rewritten as
0'

Z |Ayells
(n)

K+1 Pm—Pg <

K HAWCHI . Since 0<012]€N7 RZO]

< 1, it can be seen that O < Qg de/\f Rm < 1. When

k = 0,1, by Lemma 2, ||Azg|; = (W) When k =
2,..., K, by (11), we have

k-1
[Azgllr <> [1—ak > Rigi " vkl Ayl +7k | Ay

t=1 jENI;,iO

1
=0 ((K+1)Pm+1’wpam ) ’

1
O( (K41)Pmimn{0.pypa—rg} )s

)

In(K+2)
:O((K+ 1)pm +min{0,py —pa —pg } —max{0,1—p¢ }) ’
If py, + min{0,py, — po — pg} — max{0,1 — pc} > 0, then
Yoreo “ifif)ul is finite. Hence, this theorem is proved. |

A .
and thus, Ek 0 ‘ gff)”l can be rewritten as

Z [Azply 1
(C) (K 41)pm+min{0.py—pa—ps}

Theorem 5: For step-sizes o, Sk, Vi, the sampling num-
ber mg satisf gfmg Scheme (S2), and privacy noise parameters
(C)—pc , (" =pK, 0<p< py<l, if 0<ak 37, Ny Rm]<1

0<BK de/\f Cw<1

mulative pnvacy budget 8 1s finite even over infinite iterations.
Proof. By Lemma 2, it can be seen that

K K

A A 1 1
) ” %”1*” ‘1{’“)”1_0 K() +K< ) .
k=0 O a.kﬂ PmDP¢ PmDPn

Azells | 1Ayl ;
A=kl 4 AoURAL g
o (1

<m1n{p<,pn} hold, then the cu-

Hence, if ﬁ < min{p¢, p, }, then Y 77
finite. Therefore, this theorem is proved.

Remark 17: Theorems 4 and 5 establish the sufficient con-
dition for Algorithm 1 with Schemes (S1), (S2) to achieve
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the finite cumulative differential privacy budget £ even over
infinite iterations, respectively. This is different from [6], [7],
[10]-[17] that do not consider the privacy protection, and [35]—
[41] that achieve the infinite cumulative differential privacy
budget ¢ over infinite iterations. Thus, compared to [35]-[41],
Algorithm 1 with both Schemes (S1) and (S2) provides a higher
differential privacy level.

D. Trade-off between privacy and convergence

Based on Theorems 2-5, the trade-off between the privacy
and the convergence is given in the following corollary:

Corollary 1: (1) If Assumptions 1-3, 4, 0< aKZjeNg iRioj
<1, 0<BKZj6Nai()C'ioj<1, Pm—pg—max{0,1—p,} > O,Oand
Pm +min{0, p; — po —pg} —max{0,1—pc} > 0 hold, then
Algorithm 1 with Scheme (S1) achieves the polynomial mean
square convergence rate and the finite cumulative differential
privacy budget ¢ even over infinite iterations simultaneously.
(ii) If Assumptions 1-3, 5, O<O‘szeNg.ioRioj<L 0<BK
Zje/\f,;.ic’ioj<1’ and pim<min{p<,p,,} hold, then Algorithm
1 with Scheme (S2) achieves the exponential mean square
convergence rate and the finite cumulative differential privacy
budget € even over infinite iterations simultaneously.

Proof. By Theorems 2 and 4, Corollary 1(i) is proved. Then,
by Theorems 3 and 5, Corollary 1(ii) is proved. |

Remark 18: Scheme (S1) achieves the polynomial mean
square convergence rate and the finite cumulative differential
privacy budget ¢ over infinite iterations simultaneously under
decreasing, constant and increasing privacy noises. For exam-
ple, let p,=0.987, pg=0.69, p, = 0.997, p,,=2. Then, condi-
tions in Corollary 1(i) are satisfied as long as —0.3<p;<0.15,
—0.3<p,<0.15. Scheme (S2) achieves the exponential mean
square convergence rate and the finite cumulative differential
privacy budget ¢ over infinite iterations simultaneously under
decreasing privacy noises. For example, let a=0.1, 5=0.1,
v=0.01, p,,=1.1. Then, conditions in Corollary 1(ii) are
satisfied as long as 0.91<p<0.95, 0.91<p,<0.95.

Remark 19: Corollary 1 shows the trade-off between pri-
vacy and the convergence rate in Algorithm 1. The smaller
privacy noise parameters U,(f), ol(j) are, the faster Algorithm 1
converges, while the larger the cumulative differential privacy
budget ¢ is. Moreover, Scheme (SI) achieves the polynomial
mean square convergence rate and finite cumulative differential
privacy budget € over infinite iterations under decreasing,
constant, and increasing privacy noises, while Scheme (S2)
achieves the exponential mean square convergence rate and
finite cumulative differential privacy budget £ only for de-
creasing privacy noises. Then, the differential privacy level
of Scheme (S1) is higher than the one of Scheme (S2), while
the convergence rate of Scheme (S2) is faster than the one of
Scheme (S1).

Remark 20: The parameter a4 in the sampling number
mg = |agKPm ] + 1 affects both convergence rate and the
cumulative privacy budget. Since by (98), E|VF(z; x1)|]? =

(a4(K+1)9:1‘i:;1{p”‘p5’p7}) is decreasing with respect to ay.
Then, the larger the parameter ay is, the faster the convergence
rate is. By Lemma 2, the larger the parameter a4 is, the smaller

the sensitivity AZ is, and then by Theorem 4, the smaller the
cumulative privacy budget ¢ is.

Based on Corollary 1, we have the following corollary as
the sampling number goes to infinity:

Corollary 2: Under the conditions of Corollary 1, Algo-
rithm 1 with both Schemes (S1), (S2) achieves the almost sure
and mean square convergence and the finite cumulative differ-
ential privacy budget £ over infinite iterations simultaneously
as the sampling number goes to infinity.

Remark 21: The result of Corollary 2 does not contradict
the trade-off between privacy and utility. In fact, to achieve
differential privacy, Algorithm 1 incurs a compromise on the
utility. However, different from [36], [40], [41] that compro-
mise convergence accuracy to enable differential privacy, Al-
gorithm 1 compromises the convergence rate and the sampling
number (which are also utility metrics) instead. By Corollary
1, the larger privacy noise parameters U,(f), a,(cn) are, the slower
the convergence rate is. By Corollary 2, the sampling number
mpy 1is required to go to infinity when the convergence of
Algorithm 1 and the finite cumulative privacy budget ¢ over
infinite iterations are considered simultaneously. The ability to
retain convergence accuracy makes our approach suitable for
accuracy-critical scenarios.

IV. NUMERICAL EXAMPLES

In this section, we train the machine learning model
ResNet18 ([53]) in a distributed manner with the benchmark
datasets “MNIST” ([54]) and “CIFAR-10” ([55], [56]), respec-
tively. Specifically, five agents cooperatively train ResNetl8
over the directed graphs shown in Figs. 1(a) and 1(b), which
satisfy Assumption 1. Then, each benchmark dataset is di-
vided into two subsets for training and testing, respectively.
The training dataset of each benchmark dataset is uniformly
divided into 5 subsets, each of which can only be accessed by
one agent to update its model parameters. The following three
numerical experiments are given:

(a) the effect of privacy noises on Algorithm 1’s convergence
rate and differential privacy level;

(b) the comparison of Algorithm 1 with Schemes (S1),
(S2) between the convergence rate and the differential
privacy level;

(c) the comparison between Algorithm 1 with Schemes (S1),
(S2) and methods in [36], [39], [40], [42]-[44] for the
convergence rate and the differential privacy level.

(a) The directed graph
GR, (e

(b) The directed graph

Fig. 1: Topology structures of directed graphs Gr, G induced by
weight matrices R, C



A. Effect of privacy noises

: : 72 0.95
Flrst, let Step-SIZCS aK:W:004, BK:W:

0.005, Yx=g550050-=0.05, the sampling number mg=
10.00007 - 20001'7844—1:53, and privacy noise parameters
o = (k+1)r¢, 0" = (k+1)P» with pe, p, = —0.1,0.1,0.2
respectively in Scheme (SI). Then, the training and testing
accuracy on the benchmark datasets “MNIST” and “CIFAR-
10” are given in Fig. 2(a)-2(d), from which one can see
that the smaller privacy noise parameters U,(f) O'](;]) are,
the faster Algorithm 1 converges. This is consistent with
the convergence rate analysis in Theorem 2. Meanwhile, the
cumulative differential privacy budget € of Algorithm 1 is
given in Fig. 2(e), from which one can see that that the
smaller privacy noise parameters a,(f), a,(c”) are, the smaller the
cumulative differential privacy budget € is. This is consistent
with the privacy analysis in Theorem 4, and thus consistent
with the trade-off between the privacy and the convergence
rate in Corollary 1.

Next, let step-sizes axg = 0.1, Bx = 0.01, yx = 0.1,
the sampling number my = [1.002209°] + 1 = 55, and
privacy noise parameters o) = p2000, ¢\ = p 2000 it
D¢y Py = 0.9994,0.9996, 0.9998 respectively in Scheme (S2).
Then, the training and testing accuracy on the benchmark
datasets “MNIST” and “CIFAR-10" are given in Fig. 3(a)-
3(d), from which one can see that the smaller privacy noise
parameters a,(f), a,(c”) are, the faster Algorithm 1 converges.
This is consistent with the convergence rate analysis in Theo-
rem 3. Meanwhile, the cumulative differential privacy budget
€ of Algorithm 1 is given in Fig. 3(e), from which one can
see that that the smaller privacy noise parameters a,(f) afﬂ")
are, the smaller the cumulative differential privacy budget € is.
This is consistent with the privacy analysis in Theorem 5, and
thus, consistent with the trade-off between the privacy and the
convergence rate in Corollary 1.

Remark 22: Due to the increasing sample size mpg, the
cumulative differential privacy budget € decreases in the later
stages of the iterations in the numerical experiment. In Scheme
(S1), the sampling number mx = [0.00007 - K*78| + 1 =
O(K!'™®). By Theorem 4, the cumulative differential privacy

budget ¢ = O(%) Denote the function v (t) =
In(t+2)

Termo2z - Then, it can be seen that the function ¢ (t) decreases
when ¢ satisfies ¢t + 1 < 0.22(¢t 4+ 2) In(¢ + 2), i.e., t > 87.54.
Thus, the cumulative differential privacy budget ¢ decreases
when the maximum iteration number K > 88. This result
is consistent with Fig. 2(e). Similarly, in Scheme (S2), the
sampling number my = [1.002X| + 1 = O(1.002%). By
Theorem 5, the cumulative differential privacy budget ¢ =
O(W). Denote the function 3 (t) = a7 Then, it can
be seen that the function v, () decreases when ¢ > 625.49.
Thus, the cumulative differential privacy budget ¢ decreases
when the maximum iteration number K > 626. This result is
consistent with Fig. 3(e).

b}

>

B. Comparison between Schemes (S1) and (S2)

In this subsection, the comparison of Algorithm 1 with
Schemes (S1), (S2) between the convergence rate and the
differential privacy level is given. Let p¢, p, = 0.1 in Scheme

(81), and p¢,p, = 0.9996 in Scheme (S2). Then, from Fig.
4(a)-4(d) one can see that Algorithm 1 with Scheme (S2) con-
verges faster than Algorithm 1 with Scheme (SI), while from
Fig. 4(e) one can see that the cumulative differential privacy
budget ¢ of Algorithm 1 with Scheme (S1) is smaller than the
cumulative differential privacy budget ¢ of Algorithm 1 with
Scheme (S1).

560 1000 1500 2000 500
teration

1500 2000 560

1600 1000 1500 2000
Iteration teration

(a) Training accuracy on (b) Testing accuracy on (c) Training accuracy on
the “MNIST” dataset the “MNIST” dataset the “CIFAR-10" dataset

| i

500 1600 1500 2000
Iteration

(e) Cumulative
differential privacy budget €

(d) Testing accuracy on
the “CIFAR-10” dataset

Fig. 2: Accuracy and cumulative differential privacy budget & of
Algorithm 1 with Scheme (S1) and p¢,pn = —0.1,0.1,0.2

500 1500 2000 500 1000 1500 2000

1600
Iteration Iteration

(a) Training accuracy on (b) Testing accuracy on (c) Training accuracy on
the “MNIST” dataset the “MNIST” dataset  the “CIFAR-10" dataset

= 99:

560 1500 2000

(e) Cumulative
differential privacy budget €

(d) Testing accuracy on
the “CIFAR-10” dataset

Fig. 3: Accuracy and cumulative differential privacy budget & of
Algorithm 1 with Scheme (S2) and p¢, pn = 0.9994, 0.9996, 0.9998

TR e e e o

(a) Training accuracy on (b) Testing accuracy on (c) Training accuracy on
the “MNIST” dataset the “MNIST” dataset  the “CIFAR-10" dataset

—= Algorithm 1 with Scheme (S1)
- Algorithm 1 with Scheme (52)

H ;p.,J,,Hf%ﬁfH

4 oot o 00000

560 1600 1500 2000

aaaaaaaaa e

(e) Cumulative
differential privacy budget

(d) Testing accuracy on
the “CIFAR-10” dataset

Fig. 4: Comparison of Algorithm 1 with Schemes (S1), (S2) on
accuracy and cumulative differential privacy budget ¢
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C. Comparison with methods in [36], [39], [40], [42]-[44]
Let pe,py, = 0.9996 in Scheme (S2), and iterations step-
sizes oy, Bk, VK, the sampling number mg, and privacy
noise parameters o ),o'k") in Scheme (S1) and [36], [39],
[40], [42]-[44] be the same as Scheme (S2) to ensure a fair
comparison. Then, the comparison of the convergence rate
and the differential privacy level between Algorithm 1 and
the methods in [36], [39], [40], [42]-[44] is given in Fig. 5.
From Fig. 5, one can see that Algorithm 1 with Scheme (S2)
converges faster than methods in [36], [39], [40], [42]-[44].
A comparison of the differential privacy level between
Algorithm 1 and the methods in [36], [39], [40], [42]-[44] is
given in Fig. 6. By Fig. 6(a), the cumulative differential privacy
budget € of Algorithm 1 with both Schemes (SI) and (S2) is
smaller than the ones in [36], [40], [42]-[44]. By Fig. 6(b),
[39] achieves the cumulative differential privacy budget § = 1
after 800 iterations, and thus, the one therein cannot protect
sampled gradients after 800 iterations. Thus, Algorithm 1 with
both Schemes (S1) and (S2) provides a higher differential
privacy level than methods in [36], [39], [40], [42]-[44].

1.0

1.0

o
®

o
3
-

5}
EY
o
EY

—&— Algorithm 1 with Scheme (S1) —a— Algorithm 1 with Scheme (S1)

Training accuracy
Testing accuracy

! -4 Algorithm 1 with Scheme (S2) -4 Algorithm 1 with Scheme (S2)
0.4 ,l,; + 136] 0.4 Fe 1361
S o [ PR )
} - [40] y ruo
0.2 [/l - s [42] 021{// [ »= o [42]
0% 7§
5% 1431 ¥ 143]
1 [44] 4 [44]
0.0 0.0
0 500 1000 1500 2000 0 500 1000 1500 2000

Iteration Iteration

(a) Training accuracy on the “MNIST” (b) Testing accuracy on the “MNIST”

dataset dataset
1.0 1.0
—4— Algorithm 1 with Scheme (S1) —&— Algorithm 1 with Scheme (S1)
-#-- Algorithm 1 with Scheme (S2) -~ Algorithm 1 with Scheme (S2)
0.8 ~¢ [36] 0.81 - (36]
< [39] < [39]
> >
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Iteration

1500 2000

(c) Training accuracy on the
“CIFAR-10” dataset

(d) Testing accuracy on the
“CIFAR-10” dataset

Fig. 5: Comparison of accuracy on the benchmark datasets
“MNIST” and “CIFAR-10”

500 1000 1500 2000 500 1000 1500 2000
lterations Iterations

© ()
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(m)
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Fig. 6: Comparison of cumulative differential privacy
budgets € and §

V. CONCLUSION
In this paper, we have proposed a new differentially private

gradient-tracking-based distributed stochastic optimization al-
gorithm over directed graphs. Two novel schemes of step-sizes

and the sampling number are given: Scheme (S1) uses poly-
nomially decreasing step-sizes and the increasing sampling
number with the maximum iteration number. Scheme (S2)
uses constant step-sizes and the exponentially increasing sam-
pling number with the maximum iteration number. By using
the sampling parameter-controlled subsampling method, both
schemes achieve the finite cumulative privacy budget even over
infinite iterations, and thus, enhance the differential privacy
level compared to the existing ones. By using the gradient-
tracking method, the almost sure and mean square convergence
of the algorithm is shown for nonconvex objectives over
directed graphs with spanning trees. Further, when nonconvex
objectives satisfy the Polyak-L.ojasiewicz condition, the poly-
nomial mean square convergence rate (Scheme (S1)) and the
exponential mean square convergence rate (Scheme (S2)) are
given, respectively. Furthermore, the oracle complexity of the
algorithm, the trade-off between the privacy and the conver-
gence are shown. Finally, numerical examples of distributed
training on the benchmark datasets “MNIST” and “CIFAR-10"
are given to show the effectiveness of the algorithm.

APPENDIX A
USEFUL LEMMAS

For the convenience of the analysis, define
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Then, we give the following useful lemmas.

Lemma A.1: ([44, Lemma A.1]) If Assumption 2(i) holds
for a function 2 : R? — R with a global minimum h(z*),
then following statements holds:

@ h(y) < h(2)+(Vh(z),y—2)+5|ly—z|? Va,y € R%.
(i) |[Vh(z)||? < 2L (h(z) — h(z*)), Yz € R%

Lemma A.2: ([57, Cor. 8.1.29, Th. 8.4.4]) For any n =
1,2,..., let A € R™*"™ be a nonnegative matrix and z € R"
be a positive vector. Then, following statements hold:

(i) If there exists p > 0 such that Az < px, then p4s < p.
(ii) If A is irreducible, then p4 > 0 and there exists a positive
vector ¥ = [y1,...,yn] € R™ such that y" A = pay'.

Lemma A.3: If Assumptions 1 and 2 hold, then the follow-
ing inequality holds for any £k =0,..., K, K =0,1,...:

E|(Wy @ Ig)(zhs1 — i) ||

3np% a2 +6p3, ||ve||>v% L?
S p£1 K p{];l/VlH || K EH(W]_ ®Id)xk||2

+ 30 Vi (B (We® La)yx|[*+4]lva *L*E(F (z3,) — F ()
303y, llv2ll*vic ol

mg '
Proof. By Assumption 1, Lemma 1 holds. Note that by Lemma
1(G), £L1W; = W1 L1 = L£;. Then, multiplying W ® 1 on both
sides of (7) implies

(W1 @ L)1
=((In —axLy) ® I5)(W1 ® Ig)zy — ax (L1 @ 14)C

—vxk(W1 ® 1q)ys,
=(In —arxly) ®Is)(W1 & Ig)zr — ax (L1 @ 1g)Ck

+2dp% % (1) + (12)

— i (WiW2 ® L)y — 2 (WivsL) © Lo)ye.  (13)
Rearranging (13) gives
(W1 ® la) (@41 — 1)
=—ag (LW @ Ig)zy — ax (L1 @ 1a)Ck
— i (WiWa ® Loy — 2 (Wivs L] © Lo)ye. (14)

Ttaking the mathematical expectation on the squared Eu-
clidean norm of (14) implies

E|(W1 ® Ig)(zks1 — i) ||

=E| — ax(LiW1 ® Ig)zr — ax (L1 @ 1g)Ck

—yx(W1Wa @ L)y, — vie(Whve @ Ig)g||?. (15)

For any k =0,..., K, let 7, = o({zk,yr}). Then, since (i
is 1nde(pendent of Fj and follows the Laplacian distribution
Lap(o we have
E(Ck|Fr) = E¢e = 0,
E(1Gk 171 Fk) = ElIGel? = 2d(o})?. (16)
Then by (16), (15) can be rewritten as
E[[(W1 ® Lg)(zpr1 — 1)
<Ellax (L1W1 @ Ia)zk + v (W1Wa @ La)ys
+’YK(W1U2®Id)yk\|2—|—2dpﬁlaK(a,(€O) . 3an

Since for any a;, as, ..., e R4,

inequality holds:

an, the following

(18)

1> all> <m) fa*.
i=1 i=1
Setting m = 3 in (18) and substituting (18) into (17) implies
E[|(W1 ® Ia)(zk+1 — )|
<3E||OAK(£1W1 ® Id)l’k||2 + 3]E||’YK(W1W2 ® [d)kaQ

+ 3E [y (Wivs @ Ia)gil|* + 2dp2, % (0\))?
<303 p2 E|(W1 © L)a || + 373 o3, Bl (Wa © La)yxl|?

+ 37y, 02 PENGal|? + 202, o (01))2. (19)
By Assumption 2(ii), we have
E(gr—V f(zx)) = E((9x =V f(21))|Fr) = 0,
2
no
Ellge =V f (@) I” = E(llge =V f (x1) 1| Fx) < m—;.(m)

Moreover, note that 1, Lo = 0. Then, for any k = 0,..., K,
multiplying 1,/ ® I; on both sides of (8) and using yo = go
result in

1
Uk =Ur—1 + E(II ® 14)(9k — gr—1)
1 ey
=—1) eI —(1) @1, -
n( n® d)go+;n( n @ 1a)(g111 — 91)
1
:ﬁ(ll ® L) g, @1

Thus, by (20), taking the mathematical expectation on the
squared Euclidean norm of (21) implies

Ellgell? =EN (1] @ 1) (g6 — V f(x) + V() P
o2 1
<75 LBl @ L)V @)

Since Vf(zx) = (Vf(zx) = Vf((1n ® Ig)Tx)) + V (1, ®
I4)Ty,), substituting (18) into || (1, ® I4)V f(xx)||* implies

I+ (1] © L)V )P

(22)

n

<2 3 (Y fulein) = V@I + 2AVE @)

i=1

<2 IV ils) -
=1

By Assum}tion 2(i), it can be seen that

V(@) + 2| VF(z

BI% (23)
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= Vii(z)|?

DIV fi(wix)
i=1

<L) ik — zk|? = L2 (W1 @ Tk |®. (24)
i=1
Substituting (23) and (24) into (22) results in
_ 19 2172 9 N 03
Ellgel? < = 1(Wao Lwsl? + 2EIVF (@) L. @5)

Note that by Lemma A.1Gi), ||VF(Zx)|? < 2L(F(zx) —

F(z*)). Then, (25) can be rewritten as

— 112 2L2 2 = * g
Ellgill” <——=ElI(Wi® La) 2l HALEF (z5)-F ( ))+m7K~ (26)

Then, substituting (26) into (19) gives (12). Hence, this lemma

is proved. ]
Lemma A.4: If Assumptions 1 and 2 hold, then the follow-

ing inequality holds for any £k =0,..., K, K =0,1,...:

1
]E||*(U1T®Id)yk||2

3||’01H ( Ivz)

E||(Wa®Ia)yx|*+ E|VF(z)|?
Tvz)Qag

.
+ %E (W, @ La)ax|? + (v @27

Proof. By Assumptions 1, 2, (21) in Lemma A 3 holds. Then

by (21), (vl ®14)yx can be rewritten as
LT
— I
(1 @ La)yr
1 v v
5(01 ® 1a)(yr — (v2 ® Ia)Pk) + — 217k
1 1
ﬁ(vl @ Ig)(yx — (12 @ Id)yk) (*(1T ® Ia)gr)
1
I 1 1 1,
n(le ® Iq)( Zlng Vfi(zix))
vy Vg Uy V2
() — V Fs o)
+= ;Nfz(xl,k) Vf,(a:k» = VF(zx). (28)
Thus, by (20) and (28), we have
1
EHE(UI@Id)kaQ
1 TUQ _
<EH*(Ul ® Iq) (W2 @ Ia)yx + VF(z)
vTv _ (v] vg)202
+ g Z(vmi,k)—wi(xk))u? + y(m
i=1

Setting m = 3 in (18) and substituting (18) into (29) imply
(27). Thus, this lemma is proved. |

Lemma A.5: If Assumptions 1, 2, and aK<min{min1€v{
>y NfR”}’rc }, B < mln{mlnlev{z e }7rc 1} hold,

then the following inequality holds for any k: =0,...,K:

E[|(W1 @ Lo)zp |

<AQVE||(Wily)zy|® +
(13)
+ S EIVE @) + ull. (30)

APE((Ws © Lo)yx|?

Proof. By Assumption 1, (13) in Lemma A.3 holds. Then,
taking the mathematical expectation on the squared Euclidean
norm of (13) implies
E[[(Wi @ La)zgi
=E[| ((In — o L1) ® Ia) (W1 @ La)wp — ax (L1 ® La)Cr
— vk (WiWa @ I)yr — v (Wiva @ L) 3. (31

Then, substituting (16) into (31) implies
El|(W1 © La)zgia?

<E (|| ({n —axLi) ® La) (W1 ® Ig)z) — ’YI<2(W1W2 @ Iq)yk
—vx (W ® L) 3||?) + 2dp£1aK< (O) : (32)

Note that for any a,b € R? r > 0, the following Cauchy-
Schwarz inequality ([58, Ex. 4(b)]) holds:

bl < (L fal? + (14 3) 1D G
Then, setting r» = rz,ax in (33) and substituting (33) into
(32) imply
E[|(W1 ® Ia)zk ||
<(tre, a0 )El| ((In — axLi) © La) (Wi @ La)a|®

1
N (1+ )EHVK(wle@fd)ykHK(vvlvz@fd)yan
T[;ICKK

©)?
+2dp o (ok ) . (34)
By Assumption 1, Lemma 1 holds. By Lemma 1(i), since
vlTln = n, we have Wf = Wj. Thus, it can be seen that

((In—ax L1)R1q) (Wil 4) )= ((In_aKL:l_l L,v) )Rl4) (W@
1)z Since ozK<171111f1{1fnmzev{Z T }’m }, by Lemma

1(ii), the spectral radius of I, —« K£1
Then, we have

(L+ 7z, ax) (I — ax 1) @ Io)(Wh @ Ig)wg |
<(L+rg,ax)(l = re,ax) (W ® Lo)wg|?
<(1 =g, a)[|[(Wh @ L)z,
Substituting (35) into (34) implies
El|(W1 @ Lo)zgia]?
<(1 = re, ax)B|(Wi @ La)al|? + 2dp%, o (o <<>)
(147, ax)y?
R (|
T, 0K
Setting m = 2 in (18) and substituting (18) into (36) imply
E[|(Ws @ Lo)ecs | :
<(1 = re, 0B (W1 @ Loyl + 2dp3, o (017
204+ r,, « 2
+ ( Ly K)’YKEH(
[eTe
2(1 + T[:lOéK)’)’%(
——E|(
e, 0K
<= e, BN (Wi © Lo + 203, 0 (o)
2(1 + rg,
" ( s OKK)’YKPWIEH
T, K
N 2(1 + e, ax Vi Py, llva|?
e, 0K

nvl is l—agre,.

(35)

WiWo@ 1) yit(Wiwa @ 1) GilP).- (36)

Wi Wa @ Ia)yxl®

+ Wive @ 1) 9k ||?

(W2 ® Ia)yx |

(37

E||7x|>.



By Assumptions 1 and 2, (25) in Lemma A.3 holds. Then,
substituting (25) into (37) implies (30). Thus, this lemma is
proved. ]

Lemma A.6: If Assumptions 1, 2, and aK <min{minlev{
m},m 4Ok < mm{mm,ev{Z -1 hold,

then the following inequality holds for any k =0,...,K:

C}’ L,

E(|(W2 ® La)ys1|?
<ARVE|(Wila)aw|? + AZVE| (W2 © Loy
(23)
+ S EIVF @) + ul?. (38)
Proof. By Assumption 1, Lemma 1 holds. Note that by Lemma
1(), LoWy = Wo Ly = Lo. Then, multiplying Wo® 14 on both
sides of (8) leads to
(Wa@1a)yks1=(Ln—BrL2)@1a)(Wa@1a)yk
—Br (L2@La)ne+Wa®ILa)gr1 — gr)(39)

Thus, taking the mathematical expectation on the squared
Euclidean norm of (39) implies

E|(W2 ® Ig)yrs1]?
=E[[((In — BrL2) @ 1a)(W2 @ La)yr — Br (L2 @ La)n
+ (Wo @ 1) (grr1 — ) 1> (40)

For any £ = 0,..., K, let Hy = oc({xk+1,yx}). Then, since
Nk 1s independent of H;, and follows the Laplacian distribution
Lap(c\™), we have

E(ne|Hy) = Enx = 0,

E([|mil|2[Hx) = El|mil|? = 2d (o). (41)
Moreover, since gx+1 — V f(zk+1) is independent of Hy, by
Assumption 2(ii) we have

E(gs1—V f (i) =E((gen—V f (k1) | Fr) =0,

2

9 5 no,
El|gkn—V f (@) |7 =E(lgenr—V f (@r2) [I7[Fr) < o (42)
Then, substituting (41) and (42) into (40) implies

E||(Wa ® L)y
<E[[((In — BxL2) @ La)(W2 @ La)yx
+ (Wa @ 10)(V f (why1) = Vf (@) + Vf(2r) — i) I
2
no
+2dp}, B (of")? + 2. 43)
mg

Then, setting » = r,,0xk in (33) and substituting (33) into
(43) results in

E[|(Wa @ La)yr+1
<(1+72,85)E[((In — BrL2) @ 1a)(W2 @ La)ys|)?

N <1 L >E|(W2 ® 12)(Vf (x11) — V()
T, BK
0_2

2 n
+ V() = go)|12 + 2dp3, 8% (o) + 2.
mg

(44)

Setting m = 2 in (18) and substituting (18), (20) into (44)
implies
E[|(W2 @ I)yr1|”
<L+ 72, 8)E|((In — B L2) ® La) (W2 ® L)y

1 2 e D) gy (3, @ 1) (V f () — V)12

T2, BK
n(2+37’£26]()0'§ 2 2 (n) 2
+2d (0 n )
T, BrkmK P2, e\

<1+ 12, B)E|(In — BrL2) @ o) (Wa @ I)ys||?

2(1 7
N ( +TﬁzﬁK)pW2]E||Vf(a:k+1)*Vf(zk)”Q

rﬁzﬂK
n(2+ 3rz,Br)o; )\ 2
+2dp2, 5% (o) (45)
Tz, BrmK PeaPic o
By Assumption 2(i), it can be seen that
IV f(zhs1) = VI (n)l* = ZHVﬁ igr1) =V filaip)|?
<L2Z||$z ki1 = Tik® = L2{|zpen — 2]

=1
Thus, we have

E | V/ (exn)-Vf (@) |* < PE |lzrn —ail®. @6)
By Assumption 1, Lemma 1 holds. Then, rearranging (7) gives
Lh+1 — Tk
= — CMK(£1 (9 Id)(Wl & Id)xk - aK(£1 ® Id)Ck:
— vk W2 ® Ia) yx — vk (V2 @ La) Y.

Then, taking the mathematical expectation on the squared
Euclidean norm of (47), setting m=3 in (18) and substituting
(18) into E||zgy — xx||? imply

(47)

Elzy i1 — k)
BE|ax (L1 @ La) (W1 @ La)xy||* + 3By (W2 @ Ig) vk

+ 3E|lyk (v2 © La)l|® + 2dpZ, o% (Ul(co)
<Baf pz, Bl(Wr @ La)z||* + 3vEEl (Wa @ 1a) yi|?

+ 3leal VB2 + 203, 0% (5°)
Substituting (25) and (48) into (46) leads to

||V f(zr41) — Vf (zn)|?
< (303'(0% + W) L’E||(Wy @ Ig)z||?

+3VK L2 E[(Wa @ La)yk || *+6[v2 | *vic LBV ()|

3wl L?
N I ZHWZII; aK<U’(CC)> .
By Lemma 1(i), since vy 1,, = n, we have W2 = Wa.
Thus, it can be seen that ((I,, — BxL2) @ Iq)(Wa®I4)yr =
((In — BrLa — @1}21T) ® Ig)(W2 @ 1q)yx. Since Br <
mln{mmlev{z = }’rg }, by Lemma 1(ii), the spectral

(48)

+2dp, L (49)

radius of I, —ﬂKﬁg—*’l}QlT is 1—Bkr,,. Then, we have
1+ 72, 85) |((In — B L2) @ 1a) (Wa ® Ia)ys?
(1472, 85) (1 = Brere,)* | (Wa @ La)yg|?

<
<(1 =72, Br)|(Wa @ La)yil*.

(50)
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Substituting (49) and (50) into (45) implies (38). Thus, this
lemma is proved. |

Lemma A.7: If Assumptions 1 and 2 hold, then the follow-
ing inequalities hold for any K =0,1,...:

( (UIUQ)’YK _

vl vg 'yKL 9
E|VF(z
2 § EIVF(@)|

(K+1)(U1vz)(n+(v1vz) *yxk L)vK o,

<E(F(zo)—F(x"))+

2n2mg
v v L?(n+ 3(v{ v L)y
+( 1 V2)VK (2n3 (vy v2) 1K )ZE||(W1®Id)ka2
k=0

K
(2n+3(v) va)yc L) ||va [ *vx 2
E|(W:® I, 51
2712(1);'112) Z || 2 d)yk” ( )
Proof By Assumption 1, Lemma 1 holds Then, multiplying
L(v] ® I) on both sides of (7) results in

Tht1 = Tk — %{(UI ® 14)yk-

(52)
Thus, setting y = Zx4+1, £ = I in Lemma A.1(i) and

substituting (52) into Lemma A.1(i) gives

L
F(2kn) <F(2)+(VE (@), Brn—2x) + SllTen—2e ]

=F(z1) — v (VF (7x),
271
B2~ (o] © Loyl (53)
Note that & (v] ®Id)yk — UQ)y + = (( TW2) @ 1) yx.
Then, —yxc (VE(@x), (0] ©La)ur) = MWQF(%)Z
Uk + 575, (0] W2) @ La)yy). Since (a, b)= b lab’
for any a,b € R?, it can be seen that

L T
- 1
- (v1 @ Ia)y)

1
— Ak (VF(z), E(UlT @ Iq)yw)
’UTU 1
:% (”vp@k)— - ((v] Wa)@14)ys —gr||*
’Ul V2

1

SIVF @I = | (O e L+l

(’01 1)2)’)/](
<= =71 WF
- 2n | (k) - vy V2

(v Wa)@ILa)yr, — g 1?
T
— (Ul ;2)71( ||VF(

By Assumption 1, (21) in Lemma A.3 holds. Then, by (21)
we have

)| (54)

1
E||VF(2k) — —— ((v] W2) @ La)yx— x|
Ul ’UQ
=E|[(VF(z —fZsz 7)) = S (0T Wa) O Lo
+— Z Vii(zig) = gix) 12 (55)

Then, settmg m = 2 in (18), and substituting (18), (20) into
(55) imply
B 1
E[|VE(zy)———((v
212 T o2 o2
< B(Wh @ L) a4 Bl (W @ Ig)yi 2+ —2-.(56)
n n(v, v2) mi
By Assumptions 1 and 2, (27) in Lemma A.4 holds. Thus,
substituting (27), (54), and (56) into (53) results in

T W)@ 12) Yk — Tk |

EF(Zk+1)
(viv2)yr L (n+3(vjvz) vk L)
2n3
(2n+3(vy v2)yx L)|Jo1 ]y
QTLQ('UII—UQ)

v vg )a77e 3(1} v9)2y2. L _

1 LD o 2
+ (v] v2)? ’YKL)“VKU
2n2my

<EF (2 El|(Wi@La)z|?

E[|(W2@La)ys*

+

(v vz)(

(57)
Rearranging (57) gives

((vlTUQ)vK _ 3(v v2) 9k L
2n 2n?
<E(F(zr) — F(Zx41))
n (viv2) i L* (n+3(vive) v L)
2n3
(2n+3(v) va)yr L)||ve|*vx
2n2(v{ v2)
L @l + 0l w) Loy
2n2my

I

JE[IVE(zy,

E|(Wi@ o)z

E[|(Wa@La)ys*

(58)

Summing (58) from 0 to K and using F(xgy1) > F(z*)
result in (51). Thus, this lemma is proved. |

Lemma A.8: If Assumptions 1-3 and vx < ﬁ hold,
then the following inequality holds for any k£ = 0, .

E(F(Zy41) — F(a%))
<AQVE||(Wiely)zi|? + ASVE|(Ws ® L)y

+ APVE(F (1) - F(a™) +u). (59)
Proof. By Assumptions 1 and 2, (57) in Lemma A.7 holds.

Moreover, by Assumption 3 and v < m, we have
T T 2_2 . T
(1— (v, v2)VK _|_3(v1 12)2)2 'YKL) ||VF(fk)||2 <(1- (vq UZ)H'YK +

2£L
%)(F(Ek) — F(2*)). Hence, subtracting F'(z*) from
both sides of (57) implies (59). Then, the lemma is proved. B
Lemma A.9: If Assumptions 1-3 and ax<min{min;cy{

m}’7ﬁ } 5K<mln{mlnlev{ﬁ},%}, YK <
7 hold, then

4(v1

EVit1 < AgEVy + ug. (60)
Proof. By Assumptions I, 2 and ch<min{minZev{
Z N*R”} 2, } Bk <m1n{mlnz€\){z 76'”}’7‘5 } Lem-

mas A5 and A.6 hold. Thus, by Lemma A 1(ii), (30) and
(38) can be rewritten as

E[|(W1 ® Ig)zgs1]?
<AQVE||(Wiely)zi|? + ARVE|(Wa © L)y

+ AR () — F(a*) + ), (61)
E[[(Wa ® Ia)ypsa |

<ARVE||(Wiela)ar|? + AZVEN(Wa @ L)y
+ APR(F(z;) — F(a*)) +ul?. (62)



Moreover, by Assumptions 1-3 and v < Lemma

A.8 holds. Then, (59) can be rewritten as
E(F(Zg41) = F(27))
<ARVE|(Wisla)ai|* + AZVE|(Wa © Lyl
+ ABE(F(zy) — F(a*)) +uf).
Thus, combining (61)-(63) results in (60). [ |

_n
4(v] v2)L>

(63)

APPENDIX B
PROOF OF THEOREM 1

We proceed with the following two cases for Scheme (S1)
and Scheme (S2).

Case 1. If Assumptions 1, 2, 4 holds under Scheme (S1),
then the proof of the almost sure and mean square convergence
of Algorithm 1 is given in the following four steps:

Step 1. First, we prove that there exists G3 > 0 such that
for any K =0,1,..., E(1J Vk) < G3. Let & = [0y, 72, 03] "
be a positive vector. Then, by pg < po < p, in Assumption
4, there exists a positive integer K such that for any K =
Koy, Ko+ 1, ..., the following inequality holds:

165k L

,R }T‘Z}’

ﬁK<m1n{m1nZ€V{Z pomes },m -1, (57) in Lemma A7 and

(61), (62) in Lemma A 8 hold. Then, by (57), (61), (62), and
(64), we have

[01, D2, 03,0| D < (14 (64)

TglaK

By Assumptions 1, 2 and « g <min{min;ey { S

Vi

~T
(U Vk-H) [U17’U27’U350]DK |:E|VF(xk)||2:|+v U

163y, vic [[v2||* L
T, 0K

IA

(1+ YE(S Vi) +0 T ug. (65)

Let 0=min{p,, — pg,2pa—2p;—Ps, 2Pa P, 2ps— 2pn, 2pgs,
2py—pg+pm }. Then, by Assumption 4, 7 uy = O( %
holds for any k£ =0, .
results in

E(5" Vin) =(1+

(K +1)9
, K. Thus, iteratively computing (65)

—16p%vlﬁ<||v2”2L)K+1E(17TV0)

e, 0K

K 2 .2 2
|16PW1’YK||U2|| L, 1
+O<} (lT ) (K—i—l)‘) . (66)
=0

7”[;104[{

Since 2p, — po > 1 in Assumption 4, limg_,o(1 +

16 L .

M)Kﬂ < oo. Then, there exists G; > 0 such
£10K

16 L
(1+ PWI’YK”WH )K-‘rl < Gl

T, K

that for any K = 0,1,...
Thus, (66) can be rewritten as

E(© " Vin) <G1E(5'V) "’O(KZ(K}H)")
—0

1

By 2py —pa 2 1, 2pa —2p¢ —pp 2 1, 2pa —pp 2 1, 2pg = 1,
2pg — 2py > 1, pm — pg > 1 in Assumption 4, we have
0 —1 > 0. Thus, there exists G2 > 0 such that for any for any
K=Ky Ko+1,...,E(0 " Vgi1) < Gy Let Gz=(t; + 0g +

=G1E(9'Vp) + O (

O3)max{E(? Vo, E(5"V1)),...,E(©" Vi, 1), G2 }. Then, for
any K =0,1,..., E(1] Vk) < G3 holds.

Step 2: At this step, we prove that for any ¢ € V,
limK%o||(W1®Id)xK+1||2:O a.s., limeE|‘(Wl®Id)$K+1l|2
=0. By Step 1, there exists G3 > 0 such that for any
K = 0,1,..., EH(Wl(X)Id)JCKHQSGg, ]EH(WQ@Id)yKHQ
<@Gs, E(F(zx) — F(z*))<Gs. Then, substituting these in-
equalities into (61) gives

E[|(Wr@Ig)zgs]”

<(I=re,ax)E[[(Wy @ L)ze]* + ul

+ 20147z, ax) Vi, G

Tgla

Thus, similar to Step 4 in the proof of [44, Th. 2], it can
be seen that limg oo E||(W7 ® Ig)rx+1|? = 0. By [59, Th.
4.2.3], || (W1®14)z 1 +1]|? converges in probability to 0, which
means limpg_. o P(H(W1 ® Id)$K+1||2 > 51) = 0 for any
given d; > 0. Hence, by Fatou Lemma ([59, Th. 4.2.2(ii)]),
we have

S (1ol L1 22 )

2 |’U2||2L2
n

P(lim inf (V2T | 2201 1)< lim inf PV 0La)aicen |*201)
= lim P(Wi@la)ara? 2 6) = 0.

(69)

Moreover, for any given d1,d2 > 0, note that
P([[(W1 @ Ia)zx 11| = 61 + 62, [|[(W1 @ La) 7k || < 61)
<P([[(W1 ® Ig)(xx+1 — TK)|| = 62). (70)

Then, by Markov inequality ([59, Th. 4.1.1]) and (7), (70) can
be rewritten as
P([[(W1 ® o)z k41 = 01 + b2, (W1 ® La)zk || < 01)
<]E||—0¢K(£1W1 ®Id)xK—OéK(5£21 ®Ig)Cxk—yx W1 @1a)yK||? .
By Lemma A.3, setting k = K2in (12) and substituting (12)
into the inequality above imply
P([[(W1 ® Ia)z k41 = 01 + b2, (W1 ® La)zk || < 01)

3”P510‘K + 60W1||U2H ’YK L?

E|(W1 ® Lozl

- nd3
3p2 ,.YQ B N
=5 (B2 @ L)yl *+4llvalLE(F (@xc) — F ("))
20}, akc(03)* | 3ok, lleal ko o
(S% (S%TI’LK

Since $<pg<pa<py<l,2pa—2pc—pp>1, 2pa—ps>1in As-
sumption 4 and there exists G3>0 such that E||(W;®1,)x ||
<G3, E|(WoRl)yk ||?<G3, E(F(Zx )—F(x*))<G3, we have
Y r—o PUIW1 @ In)xre 1l = 61 + 0o, |(Wh @ Ig)age|| <
J1) < oo. By Borel-Cantelli Lemma ([59, Lemma 2.2.2]),
P(| (W1 @1g)xr41]| = 61462, |(W1 @ I)zk| < 61, 1.0.) =
0. Hence, we have

P[(WiIa)zria || > 01, [[(Wr @)z k| <61, i0.)

) 1 '
=P JIl(Wiela)z i | 20ty [(WiRla)zk || <o1,i0.})

=1
oo
<> P([(Wh eIy $K+1||>51+* [(Wi®Ia)zk]|| <61,i0.)
=1
=0. (72)
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By (69), (72), and Barndorff-Nielsen Lemma ([60, Th.
2.1.2]), P(|(WL® Ig)zk| > 1, i.0.) = 0. Hence, by [59,
Lemma 2.2.1], img 00 |(W1 @ 1g)z k|| = 0 as., and thus,
lmg oo ||(W1®Id).%'[(+1||2 =0 as..

Step 3: At this step, we prove that limg . ||VF(Zx+1)]?
= 0 as., limg oo E|VF(Zg1)||? = 0. Similar to Step 6
in the proof of [44, Th. 2], it can be seen that
liminf g0 E||VE(Zk41)]|? = 0. Then, by Markov inequal-
ity, for any K =0,1,... and §; > 0 we have

P(({IVE @)l > 61}) = Pl [IVF (@i 1)l > 01)

1=K
E(infi> i |[VF(2141)])* _ E(infizx |VF(Z141) %)
= 52 52
1nfl>K EHVF(LL’[+1)||2 liminfr o E||VF(i‘K+1)H2
52 = 52
=0. (73)

Thus, by the definition of the limit inferior and (73), it can be
seen that

P(lim inf{| VP (1) > 1)) =
K=0l=K

< S B(IVE (@)l >0 =0

K=0 I=K

(714)
Moreover, for any given d1,d2 > 0, note that by Assumption
2(i) and (52) we have
POIVE(Zg)ll = 61+ 82, [VF(Zx)|| < 61)
<P(|VF(Zxn) — VF(Zk)|| = d2)
1
SP(VKLHE(%T @ Ia)yk|| > d2).

By Markov inequality and Lemma A.4, setting k = K in (27)
and substituting (27) into (75) imply

P([VE(Z )|l = 61 + 62, [[VF(Zk )| < 61)

VR LPE| £ (v] ® L)yk|?

(75)

3||v1 |24 L? 6(vyve)2y2 L3
e
3(”1 v2) ’Y%{L 2 (U1T1’2)2’Y%(L2 2
———E|(W1®] 76
e

Since by Step 1, there exists G3>0 such that E||(W®1,)x k||
<Gs, E||(W2®Id)y[(||2§G3, E(F(EK)—F(‘f*))SGg, Thus,
by p,>1 in Assumption 4, we have Y. P(|[VF(Zgp)| >
91 + 92, [VF(Zgk)|| < 61) < oo. By Borel-Cantelli Lemma,
B(IVF(@xn)| > o + 6 [VE@x)| < b, i0) = 0.
Hence, we have

(HVF@K-H)” > 01, ||VF(5CK)H < b1, i0.)

U{IIVF Treq) | >51+
l 1

NVE(Zr )| <1, i0.})

Z (IVE(Z x4 ||><51+* IVE(zk)|| <d1, i0.)

:0. (7N

U ﬂ{IIVF i) || > 61})

By (74), a7, and Barndorff-Nielsen Lemma,
P(|VF(zk)|] > &1, i0.) = 0. Hence, by [59,
Lemma 2.2.1], img o ||[VF(Z )] 0 as., and thus,
limg oo ||VF({EK+1)H2 =0 a.s..

Furthermore, by Step 1 and Lemma A.1(ii),
E|lVF(Zx11)|[?<2LG3 for any K = 0,1,.... Then,
by [59, Th. 4.2.1], {||[VF(Zx:1)|>,K = 0,1,...} are

uniformly integrable. Thus, by [59, Th. 4.2.3], limg_,
E[|VF(zx1)]* = 0.

Step 4: At this step, we prove that lim g, o0 || VF(2; k1)
=0 as., limg 00 E||VF(z; k1)]|* = 0 for any i € V. By
Assumption 2(i), the following inequality holds for any 7 € V:

I

IVE (25 i) 12

=|VE(&ren)+VF (@i ) = VF (g

<2 VF(Zx) | +2/|VF (25, 501) — VF (2 i) ||
<2||VF(Zg) | +2L% |zi k1 — Trca ]
<2 VF (2 gen) |*+2L2| (Wi @ La)z e |- (78)

Then, by Steps 2 and 3, we have limg ,oo||VF(7; 11)]?
= 0as., limg o E|VF(z;xn)|> = 0 for any i € V.
Therefore, the almost sure and mean square convergence of
Algorithm 1 with Scheme (S1) is proved.

Case 2. If Assumptions 1, 2, 5 holds under Scheme (S2),
then the proof of the almost sure and mean square convergence
of Algorithm 1 is given in the following three steps

Step 1: First, we give the upper bound of Z il Vk Since
step-sizes ax = «,fBx = B,yx = 7y are constants under
Scheme (S2), the matrix Mg is a constant matrix. Then, by
Lemmas A.5 and A.6, we have

Vi1 < MgV, +bE|VF(24)]? +uy. (79)
Iteratively computing (79) results in Vi1 < M’;('HVO +
SF o MEUDE||VF(z;)|/>+u;). Thus, summing the inequal-
ity above from 0 to K + 1 gives

K+1 K+1 K k

ZVk O MOV + 3N M |V F(z) > +uwy)
k=0 k=0 1=0
K
g(Z M5) (Vo + > (BE|VE (2> +uy)). (80)
k=0 k=0

RV 33071(111 v2)T Ly

1 o1 B
By B<@’O‘<mm{r 2 766nl[o1 lpwy pry }7<mm{15(u To)L’

V3nre, a \/%(’UIUQ)TLZ
in Assumption 5, we have
A AR AT P

Mgs < s. By Lemma A.2(i), pm, < 1 holds. Thus, by
Gelfand formula ([57, Cor. 5.6.16]), Iy — My is invertible
and its inverse matrix is (I — Mg)~! = 332, M. Hence,
(80) can be rewritten as

K+1 K
S Vi< (M)~ (Vot 3 (bE[[VE(24) | +up).
k=0

k=0
Step 2: At this step, we prove that limg oo | VF (Z g 41) ||?
=0 as., limg oo E||VF(Zg41)]|> = 0. By Lemma A.7,

1)



substituting (81) into (51) implies

K

(vlva)vk  3(viv)?vE L _

(v STl ) S ()
k=0

N (K+1)(vjv2)(n+(vjv2)* vk L)vKc o)
2n2my

N (K +1)(n® + (v] v2)*yL)y0}
« 2n2my

+e' (IL—Mg)™'Vo+> e’ (l2—Mg) 'y,

k=0

K
+¢' (I—Mg)'b)Y E[VF(z)]*.
k=0

(82)

Rearranging (82) gives

(viva)y 3(v] v2)*y2L
om 2n? B
k=0
(K +1)(n® + (v v2)*yL)yo
X« 2n2my
+e' (IL-Mg)™'Vo+> e’ (la—Mg) uy.
k=0

. nre, o 2r To. T
By ,y<m1n{1’ Vnre, ’f 42[3’ £,7Lo B
: 8pwy llv2l|L? 6pw, L ° 24pw, pwypey
tion 5, we have

K

(

<E(F(Zo)—F(z"))+

(83)

7} in Assump-

5
det(I,—My) = ALV AR — A0 421 5 rairLaaf. (84)
\/@rgla \/2n(vIv2)3TLQﬁ \/i(v—lrvg)rg25
) 24pyyy lv2[|L? 6pw, llvi[llv2llL * 6pw, [|vi [[[[va]| L
(v v2)re, 70,8 6 2n (v} v2)37,, B
36[v1lMvallows LN/ 403y 07, +7Z, 7 6pwylvrllo2lIL
tion 5, by (84), we have

Since v < min{1

} in Assump-

_ 1
CT(IQ_MK) 1b :m(clbl(l—Ag?Q))—l—CleAgl)
+erby ALY eoby (1—ARMY)
2(v{ v
(]2 )
By 'y<m in Assumption 5, we have W<
(v] v2)y

0. Thus, combining this inequality and (85) leads to

T 2.2 T T
(v12v73)7 _ 3 2v72’)2 L —¢T(I,~Mg)~'b > (%;3)77(121152)7
2002y M i = [pK] + 1 and th
— =122 =0. Moreover, since mxg = |[p,,| + 1 and the

definition of wuy, there exists G4 > OT such tl*at for any
2 2
K=0,1,..., E(F(zo)—F(x*))+ S0 va)lntos va) b,

2n2my
+CT(12 _MK)_1VO+Z§:0 CT<IQ —MK)_1 u; < Gy4. Then,
for any K =0,1,..., by (83) we have

Gy
(v ey Sl s ¢ T(I-Myc)~'b
(86)

Since the series in (86) is uniformly bounded for any
K = 0,1,..., we have thﬁooE”VF(jKJrl)HQ:

K
> EIVE(z)|*<
k=0

limg o0 E|VF(Zx)||?=0. Then, by the monotone conver-
gence theorem ([59, Th. 4.2.2()]), EY 7% _,||VF(Zk)||* con-
verges, which implies > %_|[VF(Zx)||* converges almost
surely. Thus, lim 0| VF(Z k41)]|?=0, ass..

Step 3: At this step, we prove that limg_,o ||V EF (Zi k1)
=0 a.s., limg oo E||VF(Zi k11)||*=0 for any i € V. By (81)
and (86), the following inequality holds for any K = 0,1,...:

I

K+1
> Ell(Wiela)zy |
k=0
<CT(12*MK)*l(Vo+ZkK=o(b]E||VF(fk)||2+“k))
- min{cl,cQ}
vlv 3(v{ v2)%42L
- (( 12n2)’Y7 ( 12721)2 0l )G4 (87)
S = — .
min{e,, ¢} (W02 300 E G T(r, My )-1b)

Since the series in (87) is uniformly bounded for any K =
0,1,..., we have limg o E||(W1 ® I4)7x4l>=0. Then, by
the monotone convergence theorem, EY"%_ (W1 @ Iz k||
converges, which implies > 5_|[(W1 ® Ig)xk||? converges

CT(Iz—MK)_lb)Z]EHVF(fk)HQalmost surely. Hence, limg oo |(W1 @ I3)2 541 [>=0, as..

Therefore, by (78), the almost sure and mean square conver-
gence of Algorithm 1 with Scheme (S2) is proved. ]

APPENDIX C
PROOF OF THEOREM 2

Let 0<I'<1 and wK:Fmin{rglaK,rbﬂK,W%}.
Then, the following four steps are given to prove Theorem 1.
Step 1: First, we prove that there exists a positive integer
Ky such that for any K = Ko, Ko+ 1,...,
pax <1 —wgk. (88)

Since 2po — 2pc —pg > 1, 3 < pg < pa < py < 1, and

2py — po > 1 in Assumption 4, there exists a positive vector
% € R? and a positive integer K such that for any K =
Ko, Ko+ 1,..., the following inequality holds:

At < (1 — wg)a. (89)
Then, by (89) and Lemma A.2(i), (88) holds for any K =
Ko, Ko+1,....

Step 2: At this step, we prove that there exists a positive
vector t = [ty,%2,f3]" such that for any K = 0,1,...,
E(t Vi) = O( KH)Q,",QX{M,M,M}). Note that for any
K = Ky, Ko+1,..., (88) holds. Then, by Lemma A.2(ii),
there exists a positive vector ¢ = [f1,%2,73]" such that
tTAx = pa,t’ < (1 —wg)t". Moreover, by Assumptions
1-4, (60) in Lemma A.8 holds. Then, multiplying " on both
sides of (60) implies

]E({TV]CJFI) SFAKEV]C + fTuk
<(1 —wr)E(E Vi) + £ uy. (90)
By Assumption 4, fTuk:O(%) holds for any k =
0,..., K. Thus, iteratively computing (90) results in

K
1
EGT (1 KR T } :1_ R Gatl
(ﬁ VK+1) ( wK) (t V0>+O ( wK) CL4(K+1)‘9

=0

= KH R T _aatl
=(l-wk )" E(t V0)+O<a4wK(K+1)9>' 1)

By the definition of wg, it can be seen that
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1 1
o (rrrr) =0 (Gerrmmtmer):
(1- wK)K'H =exp (K +1)In(1 —wk))

< exp (—(K +1)x) = exp (=0 (K 1)'-mxtrmrsrn)))

1
=0 ((K+ l)e—max{pa,plg,pw}> :
By (92), we have E(f' Vi )=0(
any K=Ky, Ko+1, ....

92)

1
K+1 97maX{pa,pg,m}) for
Thus, there exists Sy > 0 such that

E(fTVKH)S(Kﬂ)s_mfﬂ{pa,pg,w- Let S = max{E({'V}),

20— max{paps Py IR(ET V), ..., (K — 1)0max{papspyE(FT

Vkgi)-50}. Then, for any K = 0,1,..., we have
s

which leads to

o
Et' Vk+1)S rpmmetamsmT

T _ a4 + 1
E(t Vien) =0 <a4(K + 1)9—"1&’({1)&,1)57%}) - O
Step 3: At this step, we prove that for any ¢« € )V and

K=0,1,..., E||VF(xi7K+1)|‘2:O((K+1)97ma}c{1)oup3vp~/})' By
Lemma A.1(i), we have
F(@i k01)—F(Tra)
<(VF(Zx), Tiken _«fK+1>+§”fK+1 — zi ke [*- (94)

Note that (a,b) < w for any a,b € R%. Then, (94)
can be rewritten as

F(zixn) — F(Trn)
VE@a)? + 1ocn—zignl® L,

S” (Tl 2” K~ i | +§HmK+1—CC¢,K+1H2
Li1 VF(z 2

=5 lZren = @i gen? % ©)

By Lemma A.1(ii), |[VF(Zxp)|> <2L(F(Zrp) — F(z%)).
Substituting it into (95) gives F(z; py1) — F(Zxp) < L
Hi‘K-ﬁ-l — l‘i,K_H||2+L(F(.fK+1)—F($*)). Thus, we have

F(x, K+1) — F(Zx1)
L 1
= Lo LS e — gl + L(P(Ern) — F(a))
i=1
L+1
:iH(WH ® L)z ||® + LIF (Zren) — F(z%)). (96)
Then, by (96) it can be seen that
F(xi ) — F(2")
= (F(zixn) — F(Zrn)) + (F(Trn) — F(27))
L
<EIN0 @ Lareal? + (L + D)(F(en) — F@))
<(L+1) (13EVi41) = O (B(f Vi) - o7

Thus, combining (93) and (97) gives E(F(z; x41)—F(z*)) =

as+1 ..
a4(K+1)9*max{m:Pﬂmw})' By Lemma A.1(ii), we have

E|[VF (i, 5cn)|* S2LE(F (2, k41) — F(2*))
. as +1
_O(a4(K 4 1)9—max{pa,p5,pw}

1

(K + l)e—max{pmpmpw})' 98)

Hence, the polynomial mean square convergence rate
is achieved.

Step 4: At this step, we prove that thg+(3)£acle complexity of

Algorithm 1 with Scheme (S1) is Oy~ 1-3¢ ) for any 0 < ¢ <

3 When po=1- ¥.opp= (1+ 1) 0y =1=5,Pm=p,pc =
pn =32 for any 0 < ¢ < %, by Step 3, E||VF(3:Z k)| =
O((K+7) holds for any zeV and K=0,1,.... Thus, there
exists Cﬁ > 0 such that the following inequality holds:
P
E|VEF(x B (99)
IVl < s
P\ —>—
Let K = [()™ %7 ]. Then, by (99) we have
) )
E|VF (25, 10)|* < =p. (100)

<
(K41)57¢ (%)(%—s&) =

Thus, by (100) and Definition 1, xx 41 is a (-suboptimal
solution. Since N (i) is the smallest integer such that xy ()
is a y-suboptimal solution, we have

N(p) < L((p)1 )+

Since myc=|a4K?|+1=|as|(2) 5% |#|+1, by Definition 2

and (101), the oracle complexity of Algorithm 1 with Scheme

(S1) is given as follows:
N(p)

Z mi =(N(p) +
k=0

(101)

P

1><La4u¢>%J J+1)

® s
STElE

Therefore, this theorem is proved. |

APPENDIX D
PROOF OF THEOREM 3

The following two steps are given to prove Theorem 2.

Step 1: First, we prove that Algorithm 1 with
Scheme (S2) achieves the exponential mean square conver-
gence rate. By 5<%, a<min{ - 1 ,%5}, v o<
mm{m’ Qi1a,Q28} in Assumptlon 5, we have
A §<S. By Lemma A.2(i), we have PAx <1. Thus, by Lemma
A.2(ii), there exists a positive vector F=[ry, I, r3] such that
f'TAK:pAKf'T. Moreover, by Assumptions 1-3, 5, (60) in
Lemma A.8 holds. Then, multiplying ' on both sides of (60)
implies that for any £ =0,..., K,

E(F Vi) <t AKEVi+1 up=pa EFE Vi) +F up.  (102)
Iteratively computing (102) gives
Bi ' Vicpr < ph B Ve + ) ph P ue. (103)

k=0
By Assumption 5, T uy = O(p,; K +p<K +p K for any k =
0,..., K. Then, (103) can be rewritten as

1
Ef Vi1 :pif:lEf'TVo + O(max{pa,, —}%)
Pm
+O(max{pa,, pE}") + O(max{pa,, py}*)
1
=0(max{pa, =% py}"). (104)
As shown in Step 3 of Appendix C, F(x; x41) — F(z*) =

O (E(f‘TVKH)). Hence, by (104) and Lemma A.1(ii), the
exponential mean convergence rate of Algorithm 1 is achieved.

Step 2: Next, we prove that the oracle complexity of
Algorithm 1 with Scheme (S2) is O(é In %) For any 0<p<



. n2
mln{l ﬁ,mlnzev{w} mlnle]}{z N——C }

» 15(
\/330n(u V)T Lo P -
ol o, 1= min{3,
mﬁéaa%w} pr=min{, ——}, pc= p;=¢. Then,
by Theorem 2, there exists & > O such that for any i € V,
=0,1,...,

E|VF (w01l < @maxfpa,, o}, (105)

Let K=|max{2¢" ;‘P me—ln®}|4+1. Then, by (105) we

have E||VF(x; x41)||?> < o. By Definition 1, zx 1 is a -

suboptimal solution. Thus, by the definition of N (y), we have
Inp—In® Inp—Ind

N(p) < |[max{ fmp : ‘T S—H+2 (106

Since my = me{ —L_ 1K 4 1. Thus, by Definition 2 and

(106), the oracle complex1ty of Algorithm 1 with Scheme (S2)

is given as follows:

Ve L1 let B = ¢, a=min{p,

e,

N(p)
> m
k=0
(N ()4 1)([min{ =, L2 R b )
lngo In® lnap In®
<(|max{ 2 +3)
(mln{i, 1 }max{ In Llpn—:) P , In ipn—gx P }+1 +1)
Y PAk
1 1
=0(—1n—).
2N
Therefore, this theorem is proved. |
APPENDIX E

PROOF OF LEMMA 2

The following two steps are given to prove Lemma 2.

Step 1: We compute ||Ayg||; for any £ =0, ..., K. When
k = 0, by Definition 5, we have
1Ayolli=sup |lyo—yol;= sup llgo—golr. (107)
Adi(D,D") Adi(D,D")

Since D, D’ are adjacent, by Definition 3, there exists exactly
one pair of data samples &;, ;,, 51’-07% such that (3) holds. This
implies that g; = g7, holds for any agent j # io and k =
0,..., K. Thus, (107) can be rewritten as

| Ayoll1 = (108)

sup [|gip.0 — iy 0ll1-
Adj(D,D’)

Note that m different data samples are taken uniformly from
D, D/, respectively. Then, there exists at most one pair of data

’ ’
samples )‘imo»ll?)‘io,o,ll such that /\io»oJl = gimlo’ /\io,O,ll =

&, 1,- Thus, by (108) and (5) we have
HAZ/0||1
1 K ,
= sup  f— Gio (Tio,05 Nig,0,1) = Gio (Tig,05 Ag
Adj(D,D")|| MK ;( o(Tio 0.0,1) o (Zig 0,0,1))
= sup |[——(Gio (ip.05 Mig.0.12) — Gio (Ti,0, Mg 0.11)
Adj(D, D) || MK X
1 , C
SmiK Hgio(ﬂfiu,o,fio,zo) — iy (xiwo’gio,lo)nl < o (109)

When k = 1, by Definition 5, we have

L Ayl = sup (1
Adj(D,D’

Hyl —ulh

= sup Z |(1— Bk Z Cij)(Wi,0 — Vi)

Adj(D,D’) ;4

Ayl = Sup
Adj(D

JENG,
- Bk Z Cij (5.0 = ¥j.0)
JENG
+ (gi1 — gz )+ (gi0 = 9101 (110)

Note that the sensitivity is obtained by computing the
maximum magnitude of the mapping ¢ when changing
one data sample. Then, observations (zo,%o,.--,ZK,YK),
(05 Yos - - > Ty Y ) Of Algorithm 1 between adjacent datasets
D, D’ should be equal such that only the effect of changing

one data sample is considered. Thus, &, = &’ ;, ¥j.x = U
holds for any agent j € N ;UN, and k =0,..., K. Then,
(110) can be rewritten as
[Ayifly = sup Hyl —ilh
Adj(D,D
= sup Z 1(1=BK > Cij)(wio — i o)
Adj(D,D") i3 N
J€
+ (9i1 — gi1) + (90 — glo)||1 (111)

Since yj0 = ¥j 0> 95,0 = 950> 9,1 = 951 hold for any agent
j # 19, by (109), (111) can be rewritten as

|Ayif1 < sup =Bk Y Cioi) Wioo — vy o)1
j(D,D -
JENG i,
+ sup ||gio,1 9Z01H1+ sup ngoo ool (112)
Adj(D,D’) Adj(D

Note that D, D’ are adjacent. Then, there exists at most one

pair of data samples A, 1 s,, )\;0)1’12 such that A, 1,1, = &ig,10»
;071,12 = 5;0 1,- Hence, (112) can be rewritten as
2C
Al < sup [(1=Bx D Cioj) Yio.0— Uiy 0) 1+ —
Adj(D,D’) ~ mg
JENC.i, 2C
=[-8k > OzoJH\AZJoHl to—
ye/\fg
20
<1 - Bk Y C,OJ| o (113)
€N,
When k£ = 2,..., K, by Definition 5, we have
Ayl = sup lye — il
Adj(D,D’)
= sup Z 1(1=Bx Y Cij) (Wik—1 — i -1
Adj(D,D") =
JENG
— Bk Z Cii (k-1 — s —1)
JENG
+ (9ik — 9ix) + (Gik—1 — i p—1)ll1- (114)
Since gj1 = g5, Yji = Yj» U1 = Y;, hold for any agent
j#ipand l =0,...,k—1, (114) can be rewritten as

5KZ C?,()j Yio k-1 yzg,k—l)Hl

JIENG

+ sup || gio,x—9i,. kH1+ Sup ngo,k 1= k|l (115)
Adj(D,D’) Adj(D

Note that D, D’ are adjacent. Then, there exists at most one

H /
pair of data samples Ai k1,0, A; 5., such that Ajgg,.,
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&ilos ik, = &i.1o- Hence, (115) can be rewritten as
2C
1Ayl < [1=Bk Y _ CigjlllAye_1li + —.  (116)
iy mk
JeNc,iU
Iteratively computing (116) implies
2C
|Ayk|‘1<z|1_ﬂKZCZOJ|l ‘Hl ﬁKZCm]‘k - (117)

=0 JENG 4, IENG i,

Step 2: Next, we compute ||Azy|/y for any k = 0,..., K.

When k = 0, since the initial value z; o = 2/, for any i € V,
we have ||Axg|l; = 0. When k = 1, by Definition 5, we have

[Azi]ly = sup |lz1 — i,
Adj(D,D’
= sup ZHI QKZR” )@i0—7 o)
Adj(D,D’) z 1 ]EN};
1)
oK ZREj)(mj,O_%‘,o) _’YK(yi,o—yé,o)Hl(llg)
JENR ;

Note that the initial value x; o =z} ; and &0 = 2/ ; for any
1€V, j€E Ng’i. Then, by (109), (118) can be rewritten as

vxC

!
— Yigolll < e

(119)

[Azifly =& sup  |yig0

Adj(D,D’)

When k =2,..., K, by Definition 5, we have

[Azili=sup |[lzx — 2l
Adj(D,D’)

= sup ZHl O‘KZRW T 1 —

Adj(D,D’)
J 2 1 jGNE

- O‘KZRij (fj,kfl_xj,kq )= VK (yz’,kq—y;,zﬂ) [[1(120)
JENR

i o)

Since ;0 = @], Y;j1 = yj, hold for any i € V, j € Ny,
l=0,....,k— 1x]lf:c holdsforanyagentjyézo Thus,
(120) can be rewritten as

HACEk”l - sup ” 1 aK E Rm] mzo,k 1—
Adj(D ~
JENER 4,

io,kfl)

— Y& Wio k1 —Yig 1) 11 (121)

Note that sup sgj(p,pr) [ Yio,k _yéo,kHl = [|Ayg/[1 for any k =
0,..., K. Then, (121) can be rewritten as

[Azk|y <|1— QKZRZUJI sup_ vazo 1= k|l
geNg Adi(D
+yK  sup ”yio,kfl — Uiy aall
Adj(D,D’)
=[1—ar ) Riyjlll Az 1+vk | Aysa |- (122)
J'GN}E,M
Iteratively computing (122) implies
k—1
|Azklr < v Y 1—axd Rigil Ayl (123)
1=0

JENE 4,

Therefore, by (109), (113), (117), (119) and (123), this lemma
is proved. ]

APPENDIX F
PROOF OF LEMMA 3

For any observation set O C R2"E+Vd fet Kp o =
{(407770, e 7<K777K): M(D)GO}’ IC'D’,O :{(4677)6» CER C}(’
N ): M(D')eO} be sets of all possible state and track-
ing variables under the observation set O for adja-
cent datasets D and D', respectively. Then, for any
(Co,M0s -+, Cr MK )EKXD 0 there exists a unique (¢, 170,
~-,C}(a77/[()€]CD/,O such that (fo,gg,...,fK,yuK) =
(6, Ul - - - » Ty U ). Thus, we can define a bijection B :
Kpo — Kpro such that B((¢o,m0,-..,Ck:MK)) =
(C0s M0, - - - Ci» M) satisfies

(zo +CosYo + M0, - -+ Tr + Cres Y + 1ic)
:(-i072j07"'7j"K7yK) = (%63:&6’7%;(’?;/1{)

=(xo+ €0, Y0 + Moy - - - Tk + Crer Y k). (124)

Let 2%, w1, G nifs 2w, (7 nif be the g-
th coordinate of Ti ks Yik Qk, Niks T z,k’ yuka C{,k, né,k,
respectively Then, by (124), the following holds for any

k=0,....K,i=1,....n,q=1,...,d:

7 %'w/w,

v — i =l -l (125)
Note that probability density functions of ({o, 70, - - -» Cx, i)

and (¢(, s - - -, ke, M) are given as follows, respectively:

n d
HHHp (o),
k 0i= lq 1
d
HHHP (o pmy o). (126)
k=01i=1¢q=1
Then, by (126), 7}0{’6(272)) can be rewritten as
_p(Gm)
B(¢,m))
ﬁﬁnp%@»wwm

k=01i=1¢=1 p( 1k aak ) (n@(q]q)/v (m ))

d
ﬁﬂﬁmcwuwvmwﬂuﬁg

L © o7

d

k=0i=1¢
ﬁﬁH |C(‘1)/ C(‘I)| ox |7]7‘(7qk3/77717k
0T U’(cn)

> (127)
Substituting (125) into (127) implies

ﬁﬁe (Q) Eqk)l o |y(Q) yz(qk),
k Ul(cn)

1=1qg=1
Ifwr k”l v —yllx
xp exXp PO
k

1A A
= exp (Z < | kal H G‘:(j:)lll)) : (128)

I N

I /\

P

el
gic
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Let e = Zfzo(ﬂfgif)“l + “if:ilf)ul) Then, by (128) we have

_f’CDI

~ Jien o PB(Cm))dCdn

Therefore, this lemma is proved.
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